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Resumen

Los espacios homogéneos son, por su sencillez, los objetos favoritos de gedmetras y fisicos.
Las propiedades locales, en muchos casos, se convierten en globales. Sin lugar a dudas, son los
espacios mas estudiados y dan lugar a los primeros ejemplos en muchas nuevas teorias. Por
ejemplo, los espacios Eucideos, las esferas, los espacios hiperbodlicos o los grupos de Lie son
espacios homogéneos.

Los espacios homogéneos son variedades diferenciables donde hay una accidn transitiva, es
decir, un grupo de transformaciones globales de manera que para cualquier par de puntos existe
una transformacién que envia uno en el otro. Utilizando esas transformaciones, bajo ciertas
condiciones, podemos transportar cualquier tensor a todos los puntos de la variedad, como
por ejemplo, un tensor métrico, o un tensor simpléctico. En particular, si existe una métrica
diremos que el espacio homogéneos es Riemanniano.

El Teorema de Ambrose-Singer caracteriza los espacios homogéneo Riemannianos a través
de la existencia de un tensor invariante que satisface un sistema de ecuaciones covariantes.
Este tensor se llama estructura homogénea y el Teorema de Ambrose-Singer es la primera
pieza del programa iniciado por Tricerri-Vanhecke y que estudia las variedades homogéneas
Riemannianas a través del tensor estructura homogénea.

Este programa establece los siguientes principios: Caracterizar un espacio homogéneos
especifico es conocer todos los tensores estructura homogénea; Se pueden utilizar las estructuras
homogéneas para diferenciar acciones transitivas diferentes.

En esta tesis el objeto de estudio son los espacios homogéneos y las técnicas que aplicaremos
son algunas que surgen del programa de Tricerri-Vanhecke. Describir todas las estructuras
homogéneas de un espacio homogéneo especifico, en general, es un problema dificil. De hecho,
no son conocidas todas las estructuras homogéneas de la mayoria de los espacios homogéneos
Riemannianos. En primer lugar, caracterizamos todas las estructuras homogéneas del espacio
hiperbdlico complejo. A continuacién, examinamos el proceso de reduccién de estructuras
homogéneas cuando la fibra de la reduccion es unidimensional.

Numerosas generalizaciones del Teorema de Ambrose-Singer y el programa de Tricerri-
Vanhecke se han ido descubriendo a lo largo de los afios. Sin embargo, todas ellas tenian dos
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caracteristicas comunes: debe existir una métrica y se aplican a acciones transitivas. Siguiendo
esa filosofia, la segunda parte de la tesis tiene como objetivo debilitar esas dos condiciones.

En espacios homogéneos reductivos, nosotros generalizamos el Teorema de Ambrose-
Singer con presencia de un conjunto finito de tensores invariantes y sin ser necesario que una
métrica esté presente. Damos una definicién mds general de estructura homogénea y nuevos
tensores toman papel en la teoria mds general. Finalmente, aplicamos estos resultados en los
espacios homogéneos simplécticos.

En acciones no transitivas, nos centramos en variedades Riemannianas de cohomogeneidad
uno, es decir, hay un grupo de transformaciones actuando en la variedad y las drbitas de la
accion son hipersuperficies en la variedad. Este es el caso mds cercano a una accidn transitiva,
sin ser transitiva. En este marco de trabajo, probamos que la existencia de una accién de
cohomogeneidad uno en una variedad Riemanniana es equivalente a la existencia de un tensor
que satisface un sistema de ecuaciones covariantes. Después, aplicamos esto para estudiar las

acciones de cohomogeneidad uno en el espacio Euclideo y el espacio hiperbdlico real.



Abstract

Homogeneous spaces are, due to their simplicity, the favorite objects of study for geometers
and physicists. Local properties often extend to global ones. Undoubtedly, these spaces are
among the most extensively researched and give rise to the first examples of many new theories.
These include Euclidean spaces, spheres, hyperbolic spaces, and Lie groups, all classified as
homogeneous spaces.

Homogeneous spaces are differentiable manifolds where there is a transitive action of a Lie
group. That is, a group of global transformations such that for any two points, there exists a
transformation that sends one point to the other. Under suitable conditions and applying those
transformations, we can transport any tensor we have at one point to another point, for example,
a metric or a symplectic tensor. In particular, if a metric is present, the homogeneous space is
called Riemannian.

The Ambrose-Singer Theorem characterizes Riemannian homogeneous spaces via the
existence of an invariant tensor that satisfies a system of covariant equations. This tensor
is called a homogeneous structure and the Ambrose-Singer Theorem is the cornerstone of
the program initiated by Tricerri-Vanhecke that studies Riemannian homogeneous manifolds
through their homogeneous structures.

This program establishes the following principles: To characterize a specific Riemannian
homogeneous space is to know all its homogeneous structures; Homogeneous structures can be
used to differentiate transitive actions.

In this thesis, the object of study is homogeneous spaces, and we apply techniques derived
from the Tricerri-Vanhecke program. Describing all homogeneous structures of a specific
homogeneous space is, in general, a challenging problem. In fact, many homogeneous structures
of most Riemannian homogeneous spaces remain unknown. First, we characterize all the
homogeneous structures of the complex hyperbolic space. Afterwards, we examine the process
of reduction of homogeneous structures when the fibre of the reduction is one-dimensional.

Many generalizations of the Ambrose-Singer Theorem and the Tricerri-Vanhecke program

have been discovered over the years. However, all of them share two common characteristics:
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There must exist a metric tensor and they only apply to transitive actions. Following that
philosophy, the second part of this thesis aims at tackling and weakening those two conditions.
In reductive homogeneous spaces, we generalize the Ambrose-Singer Theorem with the
presence of a finite set of invariant tensors, eliminating the requirement of a metric. We provide
a broader definition of homogeneous structure, and new tensors assume significance in the
overarching theory. Finally, we apply those results to symplectic homogeneous spaces.

In non-transitive actions, we focus on Riemannian cohomogeneity one manifolds. That is,
there is a group of transformations acting on the manifold in such a way that the orbits of the
action are hypersurfaces. This is the closest case to a transitive action, without being transitive.
In this framework, we prove that the existence of a Riemannian cohomogeneity one action is
equivalent to the existence of a tensor satisfying a system of covariant equations. Then, we

apply this to study cohomogeneity one actions on Euclidean spaces and real hyperbolic spaces.



Introduction

There is a fascination with homogeneous manifolds among geometers and physicists due to
their elegance and the insights they offer into the interaction between symmetry and geometry.
Moreover, good geometric examples are often homogeneous. Certainly, Euclidean spaces,
Lie groups, symmetric spaces, spheres, hyperbolic spaces, projective spaces, Grassmannians,
among others, exemplify homogeneous manifolds. Coupled with the characteristic of uniformity
at every point, this elevates homogeneous manifolds as an ideal ground for testing conjectures
or, conversely, discovering counterexamples to assertions. Indeed, computations are simplified,
allowing us to infer statements from local to global. This renders differential geometry a
domain where homogeneous manifolds serve as a preferred subject of study. This establishes
them as a fundamental subject in the study of geometry, particularly concerning Lie groups and
their actions.

This thesis is focused on the interplay of reductive homogeneous manifolds and Ambrose-
Singer connections. These two topics are connected via the well-known Ambrose-Singer
Theorem [AS58] and its generalizations [GO92; Kir80; Luj14]. The Ambrose-Singer connec-
tions V are affine connections satisfying,

VR=0, VT =0,

Y

where R and T are the curvature and torsion of V. In the special case where (M,g) is a

Riemannian manifold and V is metric, these equations can be equivalently expressed as:

VR=0, VS=0,

where S = V —V and V denotes the Levi-Civita connection. The tensor S is called the

Riemannian homogeneous structure, playing a central role in the narrative of AS-connections.

Ambrose-Singer Theorem ([AS58, p. 656]). Let (M, g) be a connected and simply-connected

complete Riemannian manifold. Then, the following statements are equivalent:

1. The manifold M is Riemannian homogeneous.
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2. The manifold M admits a linear connection \Y satisfying:

VR=0, VS=0, Vg=0, (AS)

where R is the curvature tensor of the Levi-Civita connection V and S =V — V.

Under the specified topological conditions, the presence of a homogeneous structure implies
that the manifold is Riemannian homogeneous, and vice versa. In other words, the geomet-
ric characteristics of homogeneity can be interpreted via the equations involving covariant
derivatives of a connection. Now, key questions arise: Is there a method to discern whether a
Riemannian manifold is homogeneous? What essential information is required to distinguish
among different homogeneous manifolds?

These inquiries prompted the initiation of a research program by Tricerri and Vanhecke
in [TV83], which is called in literature as Riemannian homogeneous structures. The aim of
this program is to thoroughly investigate homogeneous and locally homogeneous Riemannian
manifolds, with a specific focus on the analysis of Ambrose-Singer connections and Riemannian
homogeneous structures.

This program relies on two principles: To characterize a specific Riemannian homogeneous
space is to know all its Riemannian homogeneous structures; Homogeneous structures can be
used to differentiate transitive actions.

In the first principle, the existence of any homogeneous structures ensures that, for any two
points, there exist a local isometry sending one point to the other which is affine with respect to
the Ambrose-Singer connection. However, it is not always globally homogeneous. If we relax
the topological conditions:

Theorem ([Tri92, p. 413, Thm. 2.1]). A connected Riemannian manifold (M,g) is locally

homogeneous if and only if there exists a linear connection \Y satisfying:
VR=0, VS=0, Vg=0,

where R is the curvature tensor of the Levi-Civita connection V and S =V — V.

That is, the existence of solutions to (AS) implies the existence of an isometric transitive
action, and conversely. Thus, by scrutinizing all homogeneous structures we describe all
transitive actions.

In the second principle, let V be the tangent space at one point, and consider the space of

homogeneous structures,

S(V) = {S EVI RV AV*: g(SxY,Z) +8(SxZ,Y) = o}.
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Since,

VS =0,

we have that S is invariant by parallel transport along closed curves. Symbolically,
Rxy-S=0

where R is the curvature tensor of V. Specifically, Rxy C O(n); thus, pointwise, by decomposing
the module S(V) into O(n)-irreducible submodules, we derive necessary conditions for two
distinct homogeneous structures to be isomorphic. In simpler terms, the homogeneous structure
helps to discern the essential conditions required for two Riemannian homogeneous manifolds
to be identical under the same transitive action.

The Ambrose-Singer Theorem was extended to any Riemannian homogeneous manifold
possessing a finite set of invariant tensors, as detailed in [Kir80]. Subsequently, the first gener-

alization of the Ambrose-Singer Theorem to pseudo-Riemannian manifolds was demonstrated.

Theorem ([GO92]). Let (M,g) be a connected and simply-connected pseudo-Riemannian

manifold. Then, the following statements are equivalent:

1. The manifold M is reductive pseudo-Riemannian homogeneous.

2. The manifold M admits a complete linear connection V satisfying:

VR=0, VS=0, Vg=0,

where R is the curvature tensor of the Levi-Civita connection V€ and § = VI€ — V.

This generalization introduces novel concepts: Ambrose-Singer connections apply to
reductive pseudo-Riemannian homogeneous manifolds; The requirement for completeness
shifts from the Levi-Civita connection to the geodesic completeness of the Ambrose-Singer
connection.

Any homogeneous manifold M, non necessarily Riemannian, is equal to G/H where G
is the Lie group action and H is the isotropy group at one point. Under these conditions, it
is reductive if, for the Lie algebra g of G, there exists a decomposition g = h +m where §
is the Lie algebra of H and m is an Ad(H )-subspace. It is worth noting that the majority of
homogeneous manifolds fall into the reductive category, rendering this condition non restrictive.
Specifically, every Riemannian homogeneous manifold is inherently reductive [CC19, p. 36].

Summarizing, the Tricerri-Vanhecke program could be adapted for pseudo-Riemannian
homogeneous manifolds incorporating additional invariant tensors. In particular, if we decom-

pose the space of homogeneous structures S(V) into the different Riemannian structure groups
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stabilizing these invariant tensors, then we get necessary conditions for these structures to be
isomorphic in that underlying geometry. For example, this can be applied to manifolds that
are: pseudo-hermitian, see [AG88]; para-hermitian, see [GO92]; pseudo-quaternion Kihler,
see [CGS06]; para-quaternion Kihler, see [CC19]; almost contact metric, see [Fin98; CC19].

Outset

The first goal of this thesis is to give a quick overview and introduction to the Ambrose-Singer
Theorem and its generalizations throughout the history together with the research program of
Tricerri-Vanhecke and its applications.

In the first principle, we outlined that to describe all transitive actions of a Riemannian
manifold (i. e., all the descriptions as M = G/H) it is equivalent to scrutinize all homogeneous
structures. Surprisingly, comprehensive lists detailing all homogeneous descriptions of homo-
geneous spaces are still unknown in many cases. Furthermore, even if all transitive actions
on a homogeneous space are known, questions about the geometry of the Ambrose-Singer
connections or homogeneous structures are still unsolved in most cases. Some exceptions
are: the Heisenberg group, see [TV83]; the spheres, see [AHL23]; the real hyperbolic space,
see [CGS09; CGS13]. The second goal of this thesis is to scrutinize the Kihler homogeneous
structures of the complex hyperbolic space.

It is remarkable that, in the situation where there is an invariant map between two homoge-
neous manifolds of different dimensions, the relationship of the homogeneous structures of both
manifolds is mostly unknown. An example of this is the reduction procedure of homogeneous
structures, which was first introduced in [CL15]. In particular, the authors reduce from almost
contact metric homogeneous structures to almost pseudo-hermitian homogeneous structures.
The third goal is to examine the converse reduction, that is, from almost pseudo-hermitian
homogeneous structures to almost contact metric homogeneous structures.

Many generalizations of the Ambrose-Singer Theorem and the Tricerri-Vanhecke program
have been discovered over the years. However, all of them share two common characteristics:
There must exist a metric tensor and they only apply to transitive actions. On the one hand, if

none invariant tensor is present in the manifold, we have

Theorem ([KN69, Thm. 2.8]). Let M be a connected and simply-connected manifold. Then,

the following assertions are equivalent:

* The manifold M is reductive homogeneous.

* The manifold M admits a complete linear connection V satisfying:

VR=0, VT =0,
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where R and T are the curvature and torsion tensor fields of the connection V.

The fourth goal is to proof an Ambrose-Singer Theorem for general homogeneous manifolds
equipped with invariant tensors and apply this result to start a Tricerri-Vanhecke program for
non-metric homogeneous manifolds, for example, symplectic homogeneous manifolds.

On the other hand, if the action is not transitive, then this fruitful philosophy is unknown.
The fifth goal is to be able to extrapolate this program to non-transitive and proper Riemannian
actions when the principal orbits are hypersurfaces. It is desirable to characterize these actions
in terms of some tensors as in Ambrose-Singer Theorem, to obtain classifications and to give

explicit examples of these objects.

Outline

Chapter 1 provides an introduction to reductive homogeneous manifolds and exhibits the history
of the Ambrose-Singer Theorem. The Tricerri and Vanhecke program, [TV83], is presented
with examples at the end of the chapter.

Chapter 2 describes the holonomy algebras of all canonical connections and their action
on complex hyperbolic spaces CH(n) in all dimensions (n € N). This thorough investigation
yields a formula for all Kidhler homogeneous structures on complex hyperbolic spaces. Kéhler
homogeneous structures can be decomposed into the different Tricerri-Vanhecke (or Abbena-
Garbiero) orthogonal and irreducible U(n)-submodules. Thus, we characterize the holonomy
of the canonical connection in terms of the projections of the homogeneous structures to the
different submodules.

Chapter 3 studies the reduction procedure applied to pseudo-Kihler manifolds by a one
dimensional Lie group acting by isometries and preserving the complex tensor. We endow
the quotient manifold with an almost contact metric structure. We use this fact to connect
pseudo-Kihler homogeneous structures with almost contact metric homogeneous structures.
This relation will have consequences in the class of the almost contact manifold. Indeed, if we
choose a pseudo-Kihler homogeneous structure of linear type, then the reduced almost contact
homogeneous structure is of linear type and the reduced manifold is of type Cs & Cg¢ B Cy2 in
the Chinea-Gonzalez classification [CG90].

Chapter 4 generalizes the Ambrose-Singer Theorem for general homogeneous manifolds,
that is, the main result of this chapter provides a characterization of reductive homogeneous
spaces equipped with some geometric structure (not necessarily pseudo-Riemannian) in terms
of the existence of a certain connection. We relax the conditions in this theorem and prove a

characterization of reductive locally homogeneous manifolds. We connect these two viewpoints
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with infinitesimal models, the Nomizu construction and the transvection construction and give
coherent definitions of isomorphisms for all these classes.

Chapter 5 applies the results of Ch. 4 to symplectic geometry. We can classify reductive
locally homogeneous symplectic manifolds by the existence of one Ambrose-Singer connection
whose torsion belongs to some of the irreducible Sp(2n)-submodules of the torsion-like tenso-
rial space. Additionally, if we have a Fedosov manifold, we can consider the difference tensor
between the Fedosov connection and the Ambrose-Singer connection. It is a Fedosov homoge-
neous structure. Thus, with an analogous procedure to the second principle mentioned above,
but with a non-metric perspective. The action of the symplectic group Sp(n,R) decomposes the
space of Fedosov homogeneous structures in irreducible components. The dimension of one
of these components grows linearly with the dimension of the manifold. These homogeneous
structures are called of linear type and we describe them in the last section.

Chapter 6 characterizes proper Riemannian actions when the principal orbits are hypersur-
faces by the existence of a linear connection satisfying a set of covariant equations. We apply
these results to give classifications of cohomogeneity one foliations and give explicit examples

of these objects in the Euclidean space and the real hyperbolic space.

Outcome

The results of this thesis are available at:

[CC20] José Luis Carmona Jiménez and Marco Castrillén Lépez. “Reduction of Homogeneous
pseudo-Kihler Structures by One-Dimensional Fibers”. Axioms 9:(3) (2020). pot: 10.
3390/axioms9030094.

[CC22a] José Luis Carmona Jiménez and Marco Castrillén Lépez. “The Ambrose-Singer Theorem
for General Homogeneous Manifolds with Applications to Symplectic Geometry”. Mediter-
ranean Journal of Mathematics 19: (2022), p. 280. pot: 10.1007/s00009-022-02197-x.

[CC22b]  José Luis Carmona Jiménez and Marco Castrillén Lépez. “The homogeneous holonomies of
complex hyperbolic space”. Annals of Global Analysis and Geometry 62: (2022), pp. 391-
411. por: 10.1007/s10455-022-09852-2.

[CCD23]  José Luis Carmona Jiménez, Marco Castrillon Lépez, and José Carlos Diaz-Ramos. “The
Ambrose-Singer theorem for cohomogeneity one manifolds” (2023). arXiv: 2312.16934.

They are organized as follows. The papers [CC22b] and [CC20] are devoted to study pseudo-
Riemannian homogeneous manifold. They collect the results of Chapter 2 and Chapter 3,
respectively. The paper [CC22a] examines the generalization of the Ambrose-Singer Theorem

to non-metric homogeneous manifolds. We split these results in Chapter 4 and Chapter 5. The
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manuscript [CCD23] extends the Tricerri-Vanhecke program to non-transitive actions when the

orbits are hypersufaces. Then, it collects the results of Chapter 6.

Outlook

There are diverse future lines of research related to the results of this thesis:

All the homogeneous descriptions of a manifold: In [CGS13], the authors described
all the homogeneous geometries of the real hyperbolic space. In Ch. 2, we show all the
homogeneous geometries of the complex hyperbolic space.

Open problem 1: Which are all the homogeneous descriptions of the quaternionic

hyperbolic space, real or complex projective spaces, ... ?

A definition for morphism of AS-manifolds: In Ch. 4, we prove that the class of an
AS-manifold is larger than the class of homogeneous reductive manifolds. Moreover, in that
chapter we define an isomorphism of AS-manifolds that generates a bijective correspondence
with isomorphisms of infinitesimal models, the Nomizu construction and the transvection
construction. The reduction morphism between pseudo-Riemannian manifolds is shown in
Ch. 3.

Open problem 2: Find a definition of morphism of AS-manifolds and morphism
of infinitesimal models such that these two definitions fit into each other.

In particular, this definition enables us to find a way to connect the homogeneous structure
of an intrinsically homogeneous submanifold with the homogeneous structure of the total
homogeneous space. In this line of research not even a definition of morphism of homogeneous
reductive manifolds is given. Therefore, there is a long way to explore.

Study of invariant tensors in homogeneous manifolds: In Ch. 2, we show that the
symmetric description of the complex hyperbolic space of dimension 7 is the unique description
without an invariant vector field. Meanwhile, the description of the complex hyperbolic space
as a Lie group is the unique description with 2n invariant vector fields. Obviously, if two
homogeneous descriptions have different invariant tensor fields, then necessarily they have to
be different. The question is,

Open problem 3: Is it possible to use the AS-connections to describe the space of

all invariant tensor fields of a Lie group action?

Tricerri-Vanhecke program for non-metric homogeneous structures: In Ch. 5, we start
this program for symplectic manifolds. This can be replicated in other geometries such as

complex, contact, multisymplectic, ... Or combine some of these geometries such as symplectic
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with complex. Moreover, there are some characteristic connections that are related to these
tensors. It should be possible to describe the class of homogeneous structures associated with
these tensors.

Open problem 4: Let (M, V, K) be an AS-manifold with AS-connection V. Which
are the invariant classes by the Lie structure group given by K of the AS-tensors

and homogeneous structures?

The description of symplectic non-Fedosov homogeneous structures of linear type: In
Ch. 5, we show that there is a class of almost symplectic homogeneous structures of linear type.
There is a subclass of symplectic homogeneous structures that we can endow with a Fedosov
invariant connection. At the end of that chapter we describe Fedosov homogeneous structures
of linear type. However, there is another non described subclass of almost symplectic (non
Fedosov) homogeneous structures of linear type.

Open problem 5: Give a complete description of almost symplectic homogeneous

structures of linear type.

All the Riemannian cohomogeneity one actions on a manifold: In Ch. 2, we compute
all Kédhler homogeneous structures on the complex hyperbolic space. Following these ideas
but with a perspective of cohomogeneity actions, we have that to compute all the (canonical)

cohomogeneity one structures is equivalent to giving a list of cohomogeneity one actions.

Open problem 6: Compute all (canonical) cohomogeneity one structures of the

real hyperbolic space, complex hyperbolic space, spheres, euclidean spaces, ... ?



Chapter 1
Preliminaries

This chapter introduces all the necessary knowledge to face the problems concerning Ambrose-
Singer connections and homogeneous manifolds in this thesis. All the results are summarized
without proof, although they are referenced. Our goal in this chapter is to understand the
classical Ambrose-Singer theorem. To achieve that, there are two main concepts. First, linear
connections are principal connections in the frame bundle, or equivalently, vectorial connections
in the tangent bundle. We start with the perspective of principal bundles and connect this point
of view with vector bundles. Moreover, we introduce parallel transport, holonomy, curvature
and torsion tensors, geodesics, completeness of connections, affine maps, etcetera. Second, a
reductive homogeneous manifold is a homogeneous manifold that satisfies a decomposition
in terms of Lie algebras. This implies the existence of an unique canonical connection such
that the affine maps are the Lie group actions on the manifold. It follows that its covariant
derivative makes its curvature and torsion parallel. Indeed, this canonical connection is an
Ambrose-Singer connection.

In the third section, we present the Ambrose-Singer theorem and its generalizations through-
out history either with a local or global homogeneity condition. After that, we discuss the
principal research program introduced by Franco Tricerri and Lieven Vanhecke in [TV83] and
introduce the homogeneous structure tensor. This project establishes some necessary conditions
for different homogeneous structures to be isomorphic.

Throughout the text, we assume that all objects are differentiable, and manifolds are finite-
dimensional. The procedures and results presented in this chapter can be found in [KN63],
[KN69], [TV83], or [CC19]. Furthermore, we adapt our notation to these books.



2 Preliminaries

1.1 Principal bundles

Definition 1.1.1. Let P and M be manifolds, and let G be a Lie group. A principal bundle
(m:P— M,G) (or (P— M,G)) is a surjective submersion w: P —> M together with a free

and C* right action of G on P that is transitive on the fibers of 7.

We denote by Rg(u) = u- g the action on the right of G on P and the manifolds P, M and G
are called the toral space, the base space and the structure group, respectively. The preimage
7~ 1(p) of a point p € M is the fiber of p. We recall that an action is said to be free if given
p1 € P with u; - g = uy, then g = e is the neutral element of G. Additionally, it is said to be
transitive on the fibers if for every p € P and two uy, u, € £~ '(p), then there exists g € G such
that R, (u1) = us.

We assume throughout that the reader is familiar with the definition, basic properties and
constructions concerning vector bundles (see [Hus66, Ch. 3] or [Mic08, Ch. IV]). Although
Def. 1.1.1 does not exhibit the existence of local trivializations, as the vector bundles definition

does, it is an immediate consequence.

Proposition 1.1.2 ([CC19, p. 3, Prop. 1.1.2]). Let (x: P — M,G) be a principal bundle.
Given a point p € M, there exists a neighbourhood U of p and a smooth map 6: U — w~ ! (U)
such that wo o = id. Moreover, the map

¢:UxG— 1 '(U)
(p.g)—o(p)-g

is a diffeomorphism satisfying mo ¢(p,g) = p and ¢(p,g-h) = ¢(p,g) - h.
From Prop. 1.1.2, we have the following identity in terms of dimensions,

dimP = dimM + dimG.

A homomorphism of principal bundles (P, — M;,G) to (P, — M>,G») is a pair (D, ¢)
of a differentiable map ®: P, — P, and a homomorphism of Lie groups ¢: G; — G»,

making commutative the following diagram,
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or equivalently, ®(u-g) = ®(u)- ¢(g), for all u € P, and g € G;. Moreover, if ® is an
embedding and ¢ a monomorphism, then (®, @) is a principal subbundle. A special case of
subbundles are reductions, that is, subbundles with M| = M>.

The frame bundle of M, which we denote by (L£L(M) — M,GL(n)), is the main example of
principal bundles. The aim of this section is to provide a detailed exposition of it. In particular,
the next paragraph gives its precise construction.

Let M be a differentiable manifold of dimension n. We consider,
L(M) = {uz (psuy, ... sup): pEM, (uy, ... ,uy,) is a basis oprM},
or equivalently,
L(M) = {u R*"—T,M:peM,uc Isom(R”,TpM)},

which can be endowed with the structure of a differentiable manifold such that the natural
projection w: £L(M) — M is a surjective submersion. Let now GL(n) be the Lie group of real
invertible matrices of dimension n, or equivalently, the Lie group of linear isomorphism from
R" to R". We define the action of the Lie group GL(n) on £(M) as follows,

L(M) x GL(n) —» L(M)

n n
((ps w1y - sun),A) — (ps w1, oo up)-A= (p;Zanui, 7Zainui>
=1 i=1

where A = (a;;) € GL(n). Equivalently, we can define the same action as,

L(M) x GL(n) — L(M)
(0, @) —ru-@=uocq

where (¢ : R" — R") € GL(n). Moreover, for all p € M, the action is free and transitive on
every set 7' (p). Let f: M — M be a differentiable map. Then, we define the natural lift of

J by,
(1.1)

Ur— f*ﬂ(u) ou.

In particular, (f,1d) defines a homomorphism of principal bundles.
Let us now consider a principal bundle (P — M, G) such that its structure group G acts

linearly on the left on a vector space V of finite dimension. Then, an induced right action of G
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on P x V is defined as
(M,(;:) 8= (u'gug_] 5)

The quotient E = P xgV = (P x V) /G together with the projection g : E — M such that
me([u,&]G) = m(u) is a vector bundle called the associated bundle to (P — M, G) with fiber
V.

There exists a correspondence between sections ¢: M — E of the associated bundle
(E — M,V) and G-equivariant maps F?: P —: V. The correspondence is given by

¢(m(u)) = [u,F* (u)]c.

This function F? is called the G-equivariant map associated with ¢.

We now show how to construct M explicitly based on this perspective and the correspon-
dence explained above. Let (L(M) — M,GL(n)) be the frame bundle of M and let V = R".
If we consider the natural action of GL(n) on V, then

L(M) X gr(n) R
is canonically isomorphic to the tangent bundle by

ﬁ(M) XGL(n) R —TM

[uaé]GL(n) — u(§),

the inverse of which is
™ — E(M) XGL(n) R"

N — [, 8laLm)
where u is a reference such that u(§) = 7.
Let Xz, = [, E]GL(n) = u(&) be a vector field in TM = L(M) X G, R", then there exists
a G-equivariant map F : £(M) — R" such that F(u-g) = g~ - F(u). This map is given by
F(u)=u""! (Xﬂ(u)). Conversely, for any G-equivariant map F: £L(M) — R", there exists a
vector field X, = [u, F (u)]GL(n)-
In general, if we take V = (®"R") ® (®*(R")*) and the natural action of GL(n) on V, then

LM) xgLm) (@"R") © (27 (R")"))

is the vector bundle 7, (M) of (r,s)-tensor fields. Actually, there exists a correspondence
between tensor fields of type (r,s) and G-equivariant functions F: L(M) — (®'R") ®
(@ (R")").
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1.1.1 Connections on Principal Bundles

Given u € P such that w(u) = p, we say that a vector in B € T,P is vertical if m,(B) =0
or equivalently, B is in the tangent space of 7~ !(p). We call vertical subspace on u and
vertical distribution to the sets V, P = ker (7, : T,P — T,M) and VP =ker (. : TP — TM),
respectively.

Definition 1.1.3. A connection (or principal connection) I on a principal bundle (P — M, G)
1s a horizontal distribution HP such that it is G-invariant,

(Rg)«(H,P)=H,gP, uecPgecgG,

and complementary to VP,
.p=H,P®V,P, uck.

Given X, € T,,P, we can decompose X, = le + X, where X,ﬁ‘ € H,P and X,] € V,,P denote
the horizontal and vertical part of X, with respect to I, respectively. Let g be the Lie algebra
of G. The fundamental vector field associated with A € g is

. d
Auzat:()u-exp(tA), ueP. (1.2)

These vector fields satisfy that,

(Rg)«(A") = (Ad,-1(A))", g€G,Acq,

[A*,B*] = [A,B]", ABeg.

For u € P, the correspondence from A € g to A}, defines an isomorphism y,,: g — V,,P. We
can define a 1-form @ on P with values in g such that for every X, € T,P, o(X,) = v, ' (X)),
that is, @(X),) is the unique element A such that A* = X. This 1-form is called the connection

form of I' and satisfies,

w(A*) = A, Acg,

(1.3)
@ is G-equivariant : (Rg)" 0 = Ad,-10, g€G.

Conversely, for every 1-form on P with values in g and satisfying (1.3), there exists an unique
horizontal distribution HP defining a connection I" and it is constructed by H,P = ker(®,).

Let (®,¢) be a homomorphism of principal bundles from (P, — M;,G;) to (P, —
M,,G,) and two respective connections @; (and horizontal distribution HP;) and @, (and
horizontal distribution HP,). We say that the homomorphism is preserving the connections if
W o P, = ¢, o w; (or equivalently, ®,(HP}) C HP,).
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In particular, if (P, ¢) is a reduction and @, a connection on P», then, we say that @, is

reducible to P; if there exists a connection ®; such that the reduction sends @; to ®;.

Definition 1.1.4. Let I" be a connection on (P — M, G) and ® be the connection form. The
curvature form Q of T is the 2-form on P with values in g given by, Q(X,Y) = dw (X", Y").

Remark 1.1.5. The convention for the exterior derivative d 1is,
da(X,Y)=X(a(Y))-Y(a(X))—a(X,Y])

where o 1s a 1-form and X, Y are vector fields.

The curvature form satisfies (Rg)*Q = Ad,-1Q.

Theorem 1.1.6 (Second structure equation, [KN63, p. 77]). Let Q be the curvature form of I'

with connection form @. Then,
Q(X,¥) = do(X,Y) + [0(X),0(Y)]

where |-, -] is the Lie bracket of the Lie algebra g and X, Y € T,P, u € P. In particular, if X, Y
are horizontal vector fields, then Q(X,Y) = —o([X,Y]).

Note that, the curvature form is the obstruction for the horizontal distribution to be integrable.

This is, = 0 if and only if HP is an integrable distribution.

Theorem 1.1.7 (Second Bianchi’s identity, [KN63, p. 78]). Let Q be the curvature form of '
with connection form ®. Then,
dQ, (X" y" zh =o,

forallX,Y € T,P,ucP.

1.1.2 Parallel transport and holonomy

Given a vector X, € T,M, we define the horizontal lift of X,, to the point u € 7! (p) to be the
unique vector X, € H,P such that 7.(X,) = X,,. Analogously, given a vector field X € X(M),
we can define its horizontal lift as the unique horizontal vector field X in P with 7.(X) = X.
Let X, Y be two vector fields on M, then

X = (Ry):X, g €@,
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Let y be a piecewise differential curve on P. If its tangent vectors are horizontal, then we
say that is horizontal. Therefore, given a piecewise differential curve 7: [0,1] — M, t — 1,
on M and u € P with 7y = 7(u), then there is an unique horizontal curve 7" on P, called the
horizontal lift of T with respect to the connection I, such that T = u and 7(7}') = 7.

Definition 1.1.8. Let 7: [0, 1] — M be a piecewise differential curve on M. We define the

parallel transport of I" along T as the G-equivariant map,

T — —
(D) 7 (%) — 7' (1)
u— T
for short we write | ‘;1)(1) or | }z:) We denote by ||(T") the set of all parallel transports of I along
any piecewise differential curve on M.

For a deeper discussion of parallel transport, we refer the reader to [Mic0O8, Ch. IV].
Let p € M be a point and we denote by C(p) and C°(p) the sets of all C* loops and
contractible C* loops based at p, respectively.

Definition 1.1.9. Let I" be a connection on a principal bundle (P — M,G) and let p € M. The
holonomy group of I at p is

Hol(p,T) = {Hﬁ(l’) n_l(p) — ﬂ_l(p) 1 TE C(p)}

and the restricted holonomy group of I" at p is
Hol’(p,T) = {||2(x): 27 (p) — 7' (p): T COp)}.

For short, we denote these two by Hol(p) and Hol®(p), respectively.
Remark 1.1.10. The holonomy group is a group with the composition of maps and the restricted
holonomy group is a subgroup.

Letucn! (p) be a fixed point. Then, we can consider the following homomorphisms of

groups,
A,: Hol(p) — G

st

such that, <| ‘i(r)) (u) = u-g. The image of A, is the subgroup Hol(u) of G called the
holonomy group of T with base point u € P. With an analogous procedure, we define Hol® (1) =

(."

) — g

Ayu(Hol%(p)), the restricted holonomy group of T with base point u € P. If u is connected with
v by a horizontal curve, then Hol(u) = Hol(v).
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Theorem 1.1.11 ([KN63, pp. 73-75]). Let I be a connection on a principal bundle (P —
M,G) where M is connected. Let Hol(u) and Hol"(u) be the holonomy and the restricted
holonomy groups of I" with base point u € P, respectively. Then,

1. Hol%(u) is a Lie subgroup of G.
2. Hol(u) is a normal subgroup of Hol(u) and Hol(u)/Hol®(u) is countable.
As consequence of these two, Hol(u) is a Lie subgroup of G.

Let u € P be a fixed point. We can consider the set,

Pu) = {v ep: (HZ;(T)) (u) :v}.

It is straightforward to check that (P(u) — M,Hol(u)) is a principal bundle, it is called the
holonomy bundle of T" with base point u € P.

Let (P — M, G) be a principal bundle, u,v € £~!(p), and g € G such that v = u- g. Then
P(v) = P(u)-g and Hol(v) = g~' - Hol(u) - g, that is, there is a homomorphism between
different holonomy bundles.

Theorem 1.1.12 (Reduction theorem, [AS53], [KN63, pp. 83-85]). Let I be a connection on
a principal bundle (P — M,G) and let u € P. Then, (P(u) — M,Hol(u)) is a reduction of
(P — M, G) and the connection T is also reducible.

Theorem 1.1.13 (Holonomy theorem, [AS53], [KN63, pp. 89-90]). Let I' be a connection on a
principal bundle (P — M, G) and let u € P. Let Q be the curvature form of I and (P(u) —
M,Hol(u)) be the holonomy bundle. Then, the Lie algebra of Hol(u) is the subalgebra
hol(u) C g spanned by all elements of the form Q,(X,Y), X, Y € T,P, with v € P(u).

1.1.3 Linear connections

Linear connections are intimately related to vectorial connections in the tangent bundle, princi-
pal connections in the frame bundle or covariant derivatives in the tangent bundle. The purpose
of this section is to connect these three points of view of linear connections.

Let (mg: E — M,V) be a vector bundle. The vertical distribution is VE = ker((7g).),
that is, the tangent space to the fibers at every point of E. A connection on a vector bundle 'y
(see [Lee09, Def. 12.12]) is a distribution HE on E such that,

* it is complementary to the vertical distribution, thatis, TE = HE & VE,
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* for every point (p,v) € U x V (alocal trivialization), HE is invariant by multiplication,
(M) HE ) = HE{p, )

where “r(pv‘}) = (p,r-v).

The subbundle HE is called the horizontal distribution.

Let I be a principal connection on (P — M, G), let V be a vector space such that G acts
linearly on the left on V and let (ng: E — M, V) be the associated bundle. For § € V a fixed
point, we consider the natural projection,

q)gipﬁE:PXGV

ur—[u,&lg.

Then, we consider the horizontal distribution HE = Ug ¢y (Pg ) (HP) associated with I with
decomposition 7,E = H,,E & V,,E for every w € E. This horizontal distribution on E defines a
connection I'y on the vector bundle (E — M, V).
Parallel transport for vector bundles has an analogous definition to that of principal bundles;
a classical reference here is [Mic08, Ch. IV]. We denote the parallel transport of I'y a long a
T1 T
curve 7: [0,1] — M as HTO(”L'), or HTO.

Remark 1.1.14. [KNG63, p. 87] Summarising, given a principal connection I" on a principal
bundle (P — M, G) and let V be a vector space such that G acts linearly on the left, then in
the associated bundle (E = P xgV — M, V) there exists an unique connection I'y such that
the following diagram is commutative

Definition 1.1.15. A linear connection is a principal connection on the frame bundle.

In particular, every linear connection induces a connection and parallel transport on the
tangent bundle. Conversely, given a connection I'y in the tangent bundle, we can induce a
parallel transport given by: if Hz(l) : TyyM — Ty M is the parallel transport a long 7, then

. -1 -1 Tl
HTO. n (1) — m~ (7)) such that u HTOOM.
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Definition 1.1.16. A covariant derivative V on a vector bundle (E — M, V) is a map,
X(M)xT(E) —I'(E)
(X,r) — Vxr
satisfying,
1. Vx(Ar+us) =AVxr+uVys, A,ucR.
2. Vixr=fVxr, feC*(M).
3. Vx(fr) = f(p)Vxr +X(f)r, f€C(M).
4. Vxiyr=Vxr+Vyr.
where X, Y € X(M) and r,s € I'(E).

The following Theorem states that there exists a correspondence between connections
on vector bundles and covariant derivatives on vectors bundles. From now on, we denote

connections and covariant derivatives on vector bundles with the same character V.

Theorem 1.1.17 ([Lee09, p. 520, Thm. 12.32]). Let I be a connection on a vector bundle

(E — M, V). Then, there exists an unique covariant derivative V such that
Vx¢: M — E

p— Vx, ¢

where ¢ € T'(E) and

V0= lim 1 (|[2(,0)(0(3)) ~ 9(x))

t—0t

with T; is a curve on M such that Ty = p and X,, = T. Conversely, given a covariant derivative

V on a vector bundle (E — M,V), then there exists an unique connection I such that

H,E = {$.,(X) € T,E : ¢ €T(E), §(p) = w, (Vx9), = 0, p € M}.

The relation between principal connections and covariant derivative on its associated vector

bundles is given below.

Proposition 1.1.18 ([KN63, p. 116, Prop. 1.3]). Let I be a connection on (L(M) — M,GL(n))
and V be a vector space such that GL(n) acts linearly on the left. Let ¢ be a section of the



1.1 Principal bundles 11

associated vector bundle (E — M,V) and let V be the covariant derivative associated with
I'v (the associated vectorial connection). Then, for any X € X(M), the GL(n)-equivariant
function F¥X? associated with Vx ¢ is

FYx0 =X (F?)
where X is the horizontal lift of X to P and F? is the GL(n)-equivariant funtion associated
with @.

Remark 1.1.19. Prop. 1.1.18 is in general true for arbitrary principal bundles and their associated
vector bundles.

Now, we define some geometric tensors that live only in the frame bundle. First, the

canonical form (or contact form) 6 of L(M) is the R"-valued 1-form given by
0(X,) =u'(m(X,), X, E€TLM), ucL(M).

It satisfies R, 0 = g -0 forall g € GL(n). Second, for every ) € R”, there exists an unique
horizontal vector field, called standard vector field associated with 1, B(1),, € T,L(M) such
that 7, (B(1)) = u(n) for all u € £L(M). This vector field satisfies 0(B(n)) =1, (Rg)«(B(n)) =
B(g~'n) for all g € GL(n) and for any A* € gl(n,R), [A*,B(n)] = B(An). Additionally, the

infinitesimal version of these natural lifts in £(M) depends on the canonical form.

Lemma 1.1.20 ([CC19, p. 36]). Let X be a vector field on M. Then there exists an unique
vector field X on L(M) satisfying

1. X is invariant under the right action of GL(n).
2. L£30=0.
3. (X)) = Xg(u), for all u € L(M).

We say that X is the natural lift of X. And if X, = 4| _ fi(p), then X, = 4| _ fi(w),
where f is the natural lift of f; to L(M).

Definition 1.1.21. Let I" be a linear connection on (£L(M) — M, G) and 6 its canonical form.

The torsion form @ of a linear connection T is the 2-form on £(M) with values in R” given by,
O(X,Y) =do (X", Yh.

In particular, R;® = g~ '-®forall g € GL(n).
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Theorem 1.1.22 (First structure equation, [KN63, p. 120]). Let ® be the torsion form of T" with

canonical form 0 and connection form @. Then,
0,X,Y)=do(X,Y)+o(X)-0(Y)—aw(Y)-0(X)

forall X, Y € T,L(M), u € L(M). In particular, if X, Y are horizontal vector fields, then
®(X7Y) = _9([X7Y])

The torsion form of a connection measures how horizontal vectors rotate with parallel

transport along horizontal curves.

Theorem 1.1.23 (First Bianchi’s identity, [KN63, p. 121]). Let ® be the torsion form of a

linear connection I" with connection form @ and canonical form 0. Then,

(d®), (X", Y" Z") = +(Q A 0).,(X,Y,Z)
= Qu(X,Y) - 0,(2) +Qu(Z,X) - 0,(Y) +Qu(Y,Z) - 0,(X),

forall X, Y, Z e T,LM), uc L(M).
We define the curvature tensor field of V as the (1,3) tensor fields
R(X,Y)Z =V y)Z—Vx(VyZ) +Vy(VxZ),
and the torsion field of V as the (1,2)-tensor field
T(X,Y)=VxY —VyX —[X,Y].
Proposition 1.1.24 ([KN63, p. 133]). Let V be a linear connection on M. Then,
* The GL(n)-equivariant function associated with the torsion tensor field R of V is
ri L(M) — (2 (R")") @ R"
w—s ((1,6,6) = Qu(BM)wBE)) ¢)-
* The GL(n)-equivariant function associated with the torsion tensor field T of V is

t: L(M) — (&*(R")") ®R"
wr— ((1,8) = Ou(B)u BEN) ).
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A curve y: I — M, where [ is an open interval in R, is called a geodesic if the vector field
Xyy = Ti is parallel along v, or equivalently, if

VxX =0.

Moreover, it is complete if I = R. A complete connection is a linear connection whose geodesics

are complete. In particular,

Proposition 1.1.25 ([KN63, Prop. 6.5]). A linear connection is complete if and only if every
standard vector field on L(M) is complete.

Definition 1.1.26. Let (M;,V;) and (M5, V) be two manifolds with two linear connections.
We call f: M| — M, an affine diffeomorphism if it is a diffeomorphism and one of the
following three happens

* The map f, : TM; — T M, takes horizontal curves to horizontal curves.
* The map f, : TM; — TM, satisfies f.((V1)xY) = (V2) r.x foY.
e The natural lift f: £(M;) — L(M,) restricts to f: P(ug) — P(f(uo)).

In particular, affine maps preserve the curvature, the torsion and the geodesics.

1.14 Local coordinates

We express the canonical form 6 and the connection form @ in terms of local coordinate systems.
Let x: V CR" — U C M be a surjective chart with local coordinate system y = (x!, ... ,x").

We define,
c:U— L(M)

. _( d
p X*,x— p,aXI,“"axn
where x = ¥y ~!(p). This map is a section of the frame bundle and we can define the trivialization

given by,
¢: UxGL(n) — 1 ' (U)

(p,w)=(p,A= (alj)) = Xx oY = (G(P);Zaila_xi7 ,Za;%) :
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Then, the canonical form 6y, gp(,) = ¢*6 has the expression in the coordinate system
induced by y (cf. [KN63, p. 140]),

9(p,l//) =y "o G(p)_l O Ty © ((p)*,(p,l[/)
=y loo(p) o (7). (p)

where 7y : U X GL(n) — U is the natural projection. Or equivalently, let A € GL(n) such
that A = (a ) and A~ = (bJ) Then,

- Z e(inA)el

i=1

where

n
o) = Zl bldx’ .
]:

Consider m the connection form and let {El] } be a basis of g, where El] is the zero matrix

with a one only in the position (i, j) where i is the row and j is the column. Then, we can

decompose,
n .
0=) 0.
ij=1
Then, we define the components of the connection 1" (or the Christoffel symbols of T') with
respect to the coordinate system y = (x!, ... ,x") as the maps F};j( ) = @' < (a‘ik> )
p
According to this notation, the connection form @y, gr(,) = ¢* @ has the expression in the
coordinate system ) (cf. [KN63, p. 140]),
w-d(8 ) ZFEJ—I—ES
(Pid) \ 9, = kj
a S J N
O ( 5 +E) ZFkJ<AdA1 El)+E;
i,j=1
where (EJ)(p B = %}tzo(p,Bexp(tEij)). The second row comes from (Ry4 ). (%{) = (%{)

forallk e {1, ... ,n}.

Theorem 1.1.27 ([KN63, p. 145]). Let y = (x!, ... ,x") be a coordinate system of M and T be

a linear connection. Then, the Christoffel symbols F}; y of I" with respect to x are given by,

9 & 0
V"a_xj_i:z‘ir"fa_x,-‘

g
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1.2 Reductive Homogeneous Manifolds

Dedicated to Oldrich Kowalski.

Definition 1.2.1. A homogeneous manifold is a quotient G/H of a Lie group G by a closed
subgroup H, endowed with the unique differentiable structure making 7: G — G/H a sub-

mersion.

The Lie group G acts on the left on the differentiable manifold M = G/H as,

g1-(82]n = [g1- &2]H,

for all g1 € G and [g2]y € G/H. The action above is C* and transitive.

Conversely, if M is a differentiable manifold and G is a Lie group acting on the left on M in
such a way that the action is C* and transitive, then we can consider the isotropy group at any
point p € M,

Hp:{hGG: h~p:p},

which is a closed subgroup of G, and the map
G/H, —M
lglu—g-p

defines a diffeomorphism between G/H), and M.
Therefore, Def. 1.2.1 is equivalent to the following Definition:

Definition 1.2.2. A homogeneous manifold M is a differentiable manifold such that there exists

a Lie group G acting on the left on M and the action is C* and transitively.

Remark 1.2.3. The uniqueness of this differentiable structure in Def. 1.2.1 comes from [Che46,

pp- 109-111]. Moreover, he also proves that the action is not just C*, it is also real analytic.

Most of the classical manifolds that have been studied are homogeneous, for example,
* Lie groups: R*, C*, T", ...
* Spheres: S" =S0(n+1)/S0(n).

* Hyperbolic spaces: H" = SO(n,1)/SO(n).
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* Projective spaces: CP" =U(n+1)/U(n) xU(1).
* Real Grassmannians: SO(p+ ¢q)/SO(p) x SO(q).
» Complex Grassmannians: U(p+q)/U(p) x U(q).

We denote by Ly (p) or g - p the action of an element g € G on p € M. We say that the action
of G in M is effective if the normal Lie subgroup of G,

N={geG: L,=1dy}

is the identity. We can certainly assume that G acts effectively on M, if not, we shall replace G

by G/N. From now on, we consider G a Lie group acting transitively and effectively on M.

Definition 1.2.4. Let M be a manifold and Pi,...,P,, r € N, be a finite set of tensor fields on
M. We say that (M, Py,...,P,) is homogeneous if there exists a Lie group G acting C* and

transitively on M and preserving the tensor fields Py, ..., P,.

Note that Def. 1.2.4 is a sharpened version of pseudo-Riemannian homogeneous manifolds
when P = g is a metric tensor. Moreover, if we consider a pseudo-Hermitian manifold (M, g,J)
(see Sec. 2.1), the additional structure is defined by two tensors, P; = g the metric and P, = J the
complex tensor. Thus, Def. 1.2.4 also generalized the classical definition of pseudo-Hermitian

homogeneous manifold.

Remark 1.2.5. In this thesis, for the sake of brevity and simplicity, we consider M with one
tensor K = (Py, ... ,P,) instead of a finite set of tensors, the following results being analogous
for (P, ... ,P.).

The advantage of using this philosophy of homogeneous manifolds leaving a tensor field
invariant is the fact that we can use this definition indistinctly for metric and non-metric
manifolds. For example, if K = o is a non-degenerate two form, then (M, ®) would be an
almost symplectic homogeneous manifolds. Moreover, when @ is closed, it is a symplectic
homogeneous manifold, see Sec. 5.1. In general, most examples of differentiable manifolds are
equipped with additional tensors, that is, pseudo-Riemannian, symplectic, complex, pseudo-
Kihler, para-Kéhler, contact metric, .. .

In a more general setting,

Definition 1.2.6. A manifold (M, K) is locally homogeneous if there is a Lie pseudo-group
acting C* and transitively on M and preserving the tensor field K.

Recall that, a pseudo-group (see [Spi92]) is a collection of local diffeomorphisms G acting
onM, ¢: Up — ¢(Up) C M such that:
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Identity: Idy € G.

Inverse: If ¢ € G, then ¢! € G.

* Restriction: If p € G, ¢: U — M and V C U, then ¢|y € G.

Continuation: If dom(¢) = JUy and @|y, € G, then ¢ € .

Composition: If ¢,y € G and im(¢) C dom(y), then yo ¢ € G.

Let us consider that if G is a pseudo-group and there exists a non-zero tensor field K such that
every local diffeomorphism f € G satisfies,

f*K:K7

that is, the elements of the pseudo-group G are solutions of a system of PDEs. Thus, G is
a Lie pseudo-group. Otherwise, if K = {0}, then we only consider the case when G is a
Lie pseudo-group. We refer the reader to [Spi92] or [Acc21] for a formal definition and an
exposition of this topic. In particular, a Riemannian manifold is locally homogeneous if the
pseudo-group of local isometries acts transitively on it.

A symmetric space is a homogeneous manifold G/H with an involutive automorphism
0 # idg of G such that o(h) = h for all h € H. Let g and h be the Lie algebras of G and
H, respectively. We consider oy, : g — g the differential map of ¢ in the neutral element
e € G. Since 0, is involutive, we decompose g = h +m as the eigenspace for 1 (this is, the
Lie algebra h) and —1, respectively. This is called the Cartan decomposition of the symmetric

space (G/H, o). In particular, this decomposition satisfies the following equalities:
[b,blCh, [p,m]Cm, [mm]Ch (14)

The classical work here is [KN69, Ch. XI]. Symmetric spaces are a special type of homogeneous

manifolds.

Definition 1.2.7. Let M = G/H be a homogeneous manifold. We say M is a reductive
homogeneous manifold if the Lie algebra g of G can be decomposed as g = h & m, where § is
the Lie algebra of H and m is an Ad(H )-subspace, that is, Ad,(m) C mforall h € H.

The condition Ad,(m) C m, for all 2 € H implies [h,m] C m. The converse is true if H is
connected. This definition shows that every symmetric manifold is reductive homogeneous

with the Cartan decomposition.
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When reductive homogeneous manifolds are considered, we can identify m with any 7,,M,

for all p € M. The identification is given by the isomorphism,

m— T,M

X 2 (1X)
—_ €X - p.
a1 li—o p p

tli=

We usually relate m with the tangent space in the neutral element eH. In general, if we take
X € g we can define a vector field

d
Xi==
P dt

Oexp(tX) p

1=

which is called the infinitesimal generator of X. These vector fields satisfy,

(Lg)«(X™) = (Adg(X))", g€G,X €y,
[X*,Y*] = —[X,Y]", X,Y €g.

Additionally, if we have a basis {Xi, ... ,X;} of m, then {(X1)},, ... ,(Xy)},} defines a basis of
T,M for any p € M.

Besides that, every Riemannian homogeneous manifold is reductive [CC19, p. 36] and
the construction of the Lie algebra decomposition is very useful to understand why this does
not work in general, for example, in pseudo-Riemannian geometry. However, in the proof
of [CC19, p. 36], we can realize that most pseudo-Riemannian homogeneous manifolds are
reductive. In details, if we have a M = G/H a pseudo-Riemannian homogeneous manifold
with signature (r,s), then we can consider the non-degenerate symmetric bilinear form on g
defined by

0(X,Y) =—B(Ax+,Ay+),

where B is the killing form of so(r,s) and Ax« = Lx+ — Vx= is called the Kostant operator with
V the Levi-Civita connection. If ¢ is non-degenerate on b, then we can consider

m:f)L:{XEg: ¢(x,b):o}

and g = h+m is areductive decomposition. As B is non-degenerate, then ¢ would be degenerate
on b if and only if the subspace {Ax+: X € h} C so(r,s) is degenerate.

We consider the Grassmannian Gr(h,s0(r,s)) where dim{Ax~ : X € h} = [; then the
submanifold defined by all degenerate subspaces of so(r,s) has dimension less than the Grass-
mannian. Therefore, we shall think that there are much more reductive than non-reductive

homogeneous manifolds. Nevertheless, this conclusion is not clear at all, because the Grass-
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mannian does not coincide with the class of homogeneous manifolds. For a deeper discussion

of non-reductive homogeneous manifolds, we refer the reader to [CC19, Ch. 7].

Example 1.2.8. Finally, we show a concrete non-metric example. In particular, it is related to

the key word "special symplectic holonomy". We follow [Sch94, Example 2.1]. Let

X
A

G= y :AeSp(2,R),x,yeR
00 1

be the group of unimodular motions of R?. Its Lie algebra g is generated by,

9 3
Zy = —E»3, ZIZ_E(EB—EZl)a

Zy = -3(En1 —Ex»n), Zz=—18E],

and
Y =2E135+ Ey

where E;; is the 3 x 3-matrix with 1 in the position (i, j) and all other entries are zero. Now, we
compute its Lie brackets,

27
[Z(),Z]] 07 [20722] = _3207 [Z07Z3] = _9Zl + 7Y7 [ZOJ Y] = 07

9
Z1,25) = =37, — EY’ 21, 23) = =92,, [Z1, Y] =22,

[Z5,Z3] = —6Z3, [Z,, Y] =4Z,,

We can decompose g = b +m, where h = span{Y} and m = span{Zy,Z;,2Z,,Z3}. If we
consider H = {exp(tY) : t € R}, then H is a connected and closed subgroup of G. Therefore,
as a consequence of [h, m] C m, the homogeneous manifold M = G/H is reductive with Lie
algebra decomposition g = h +m.

Furthermore, we can endow this manifold M with a symplectic tensor, see Sec. 5.1. We

consider the almost symplectic tensor element of m,
W, =3az0 N3 —az1 N2

for a € R — {0} and {z0,z1,22,23} is a dual basis of {Zy,Z1,Z,,7Z3}. As a consequence of
[h, @] = 0 and the identification above m = T,z M, then we can define a left invariant almost
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symplectic form on M,

(0a)p(X,Y) = (0 )ers ((Lg)+X, (Lg)+Y ),

that is, M is a homogeneous almost symplectic manifold. This example follows in Ex. 1.2.17.

1.2.1 The canonical connection

Definition 1.2.9. A linear connection V on M = G/H is G-invariant if and only if L, is an
affine map for any g € G, or equivalently, its natural lift L, maps P(ug) to P(Lg(up)) for any
Uy € ﬁ(M )

The aim of this section is to introduce a few essential aspects of the theory of invariant
connections. In particular, the definition and properties of the canonical connection. In the first
instance, we do a preparation that does not involve invariant connections.

Note that (G — G/H,H) is a principal bundle. We claim that it is a reduction of the frame
bundle £L(M) for M = G/H. We consider the Lie group homomorphism,

H — Aut(T,M)

h— (Lh)*,o

where 0 = [e|n ([e]q is the projection of the neutral element of G onto M) and Aut(7,M) is the
group of linear automorphism of 7,M. This group homomorphism is called the linear isotropy
representation of H on M. Note that, if the isotropy representation is faithful, or equivalently,
if the action of G on L(M) is free, then the action of G on M is effective. If G is a group that
acts as isometries, or at least preserves a connection, then the linear isotropy representation
is necessarily faithful. This scenario is precisely the case we are considering in our study.
Therefore, from now on, we assume that the isotropy representation is faithful.

Let ug € L(M) be a reference with m(up) = 0. Then, we can identify R" with T,M via
the linear isomorphism given by ug, and we can view the linear isotropy representation as the
homomorphism,

¢: H— GL(n)
h— (o) ™' o (Lp) w0 0 Up-

We denote by A the corresponding homomorphism of Lie algebras A : h — gl(n) such that
A = @, .. In particular, as the isotropy representation is faithful, the map ¢: H — ¢(H) is a
Lie group isomorphism. Moreover, the Lie group G is included in £(M) via the differentiable
map g — f,g(uo) and, analogously, this map is injective because the action is free. Note that

this identification depends on the choice of u.
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This construction shows that any linear invariant connection reduces to (G — G/H,H),
and to clarify the converse question for reductive homogeneous manifolds, we introduce the

following theorem.

Theorem 1.2.10 ([Nom54, p. 43, Thm. 8.1]). Let M = G/H be a reductive homogeneous
manifold with reductive decomposition g =t +m. Then, there is a bijective correspondence
between invariant connections on (L(M) — M,GL(n)) and linear maps Ay : m — gl(n)
such that,

Am(Adp(X)) = Ady ) (An(X)), Xem,heH.

The correspondence can be read from

= JAn(X), XEm
a)MO(Xo)_ { A«(X), XE[’J

where @ is the connection form on (L(M) — M,GL(n)).

Definition 1.2.11. The invariant connection associated with the linear map Ay, = 0 is called

the canonical connection associated with the reductive decomposition g = b +m.

This connection is the only one that satisfies some classical properties. The best general
reference here is [KN69, Ch. X], and complementary to this reference see [Kow80, Ch. I] (but
avoid the section "Algebraic characterization" because the main theorem is wrong).

Proposition 1.2.12 ([KN69, p. 192, Prop. 2.4]). Let f;(p) = exp(tX) - p be the flow of the
infinitesimal generator X € m and let f; be the natural lift. Then, the canonical connection
on M = G/H associated with the reductive decomposition g = b+ m is the unique invariant

connection such that the orbit f,(ug) is horizontal.

As a consequence, for any fixed p € M, an integral curve o = exp(tX) - p satisfies that
parallel transport along ¢ is given by the linear map (Lexp(,x))* on p and oy is a complete
geodesic.

Let now (M, V) be a connected manifold with a linear connection V and let P(uy) C L(M)
be the holonomy bundle, for a fixed uy € L(M). We define the Lie group of transvections
Tr(M,V) as the group of affine diffeomorphisms f of M such that its natural lifts (see Eq. (1.1))
f leave every holonomy bundle invariant P(u) C £L(M), for all u € £(M). Note that, in
particular, the group of transvections is a normal connected subgroup of the group of affine
diffeomorphisms (see [Kow80, p. 36]).

An affine transformation f of (M,V) belongs to Tr(M,V) if and only if for every point
p € M there is a piecewise differential curve o joining p with f(p) such that the tangent map
f«t TyM — Ty(,)M coincides with the parallel transport along a.
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Theorem 1.2.13 ([Kow80, Thm. 1.25]). Let (M ,6) be a connected manifold with a linear

connection. Then the following two conditions are equivalent:

* The transvection group Tr(M ,6) acts transitively on each holonomy bundle P(u) C
L(M).

* M can be expressed as a reductive homogeneous space G /H with respect to a reductive

decomposition g = b +m, where G is effective on M, and V is the canonical connection.

From this theorem, we deduce: If M is a reductive homogeneous space, then, for every
piecewise differential curve o joining p with g there exists a global transvection f such that
f(p) = q and the tangent map f.: T,M — T,M coincides with the parallel transport of the
canonical connection along some «.

In Sec. 1.1, we showed that parallel transport is intimately related to covariant deriva-
tives. Therefore, we exhibit some necessary conditions in terms of covariant derivatives for a

connection to be the canonical connection.

Proposition 1.2.14 ([CC19, p. 39]). Let K be a tensor field on M such that K is invariant under
the action of G. Then, the tensor field K is parallel with respect to the canonical connection,
that is,

VK = 0.

In particular, the curvature and torsion of the canonical connection are very rigid.

Theorem 1.2.15 ([KN69, pp. 190-193]). Let M = G/H be a reductive homogeneous manifold
with reductive decomposition g = b+ m and let V be the canonical connection. Then, the

torsion and curvature tensors of V at 0 = le] are given by,

T,(X,Y)=—[X,Y]n, X,YeEm,
R,(X,Y)Z=—[[X.Y]y,Z]), X,Y,Z€m.

Furthermore, the torsion and curvature tensors are invariant, that is,
VI =0, VR=0. (1.5)

In the following theorem, we show the converse question: When is a connection satisfying

the necessary conditions, that is, Equations (1.5), a canonical connection?

Theorem 1.2.16 ([KN69, Thm. 2.8]). Let M be a connected and simply-connected manifold.

Then, the following assertions are equivalent:
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* The manifold M is reductive homogeneous.

* The manifold M admits a complete linear connection \Y satisfying:

VR=0, VT =0,

where R and T are the curvature and torsion tensor fields of the connection V.

In order to compute the covariant derivative of the canonical connection, we can use the
following equation at the point 0 = [e]y (cf. [KN69, p. 188-192] or [TV83, p. 20] ),

Vx¥ = —[X,Y]n, X,YEm (1.6)

or equivalently,
Vx:Ys = X}, Y]]

0’70

Example 1.2.17. We continue with the Ex. 1.2.8. We now compute the curvature, torsion and

covariant derivative of the canonical connection. First, we have that,

Vz:Z5 =0, VzZi =0, VuZs =325, VzZy =97,
6Z’lkZ(>l)< = 07 6Zi‘ZT = Oa 6ZTZ; = 3287 621‘2; = 9Zik7
vZE‘ZE)k = _3Z87 6ZSZT = _3287 6ZE‘Z; = 07 6Z;Z§< = 6Z§k7

VZ§Z§ = —977, VZ;ZT =—-977, VzngQk = —673, VZ§Z§“ =0.
Secondly, using Thm. 1.2.15, we compute the torsion and curvature of V in m,
T=320AN22®Zy+920 AN 23 ®Z1 + 321 N2 @ Zy + 921 AN23 ® Z1 + 622 N 23 R Z3

and
-2 0 0

0

0 0 -4 O
0 0 0 -6
0 0 0 O

Ryy = Zw(X,Y) € End(m).
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1.3 On the history of Ambrose-Singer Theorems

Dedicated to Franco Tricerri and his family.

This section focuses on the hierarchy of homogeneous or locally homogeneous Riemannian
manifolds. This is, Riemannian manifolds with a transitive and invariant action given by a Lie
group or a Lie pseudo-group. In this setting, there are "three kings or queens": the Euclidean
space, the sphere, and the real hyperbolic space. These are the only three Riemannian complete,
connected, and simply connected space forms, which means they have constant sectional
curvature.

The Euclidean space is the archetype of a differentiable manifold with constant sectional
curvature equal to zero. This means that its geometry aligns perfectly with Euclid’s postulates.
The Sphere is an example with positive sectional curvature and describes elliptic geometry.
The Hyperbolic space provides an example of a Riemannian manifold with negative sectional
curvature.

These three models have many symmetries, that is, the group of isometric motions is very
large. In particular, they are Riemannian symmetric spaces. This introduces the second class of
hierarchy, symmetric spaces, that is "the royal family". The study of symmetric manifolds has
led to many deep and far-reaching results in geometry and topology, including the classification
of compact symmetric spaces, the existence of minimal immersions into spheres, and the study
of harmonic maps between symmetric spaces. Moreover, symmetric manifolds have significant
applications in physics, including soliton equations and Relativity theory.

As previously highlighted, Riemannian symmetric manifolds fall under the category of
homogeneous manifolds. This introduces the two last classes in the hierarchy, which we refer to
as "the population": homogeneous and locally homogeneous Riemannian manifolds. Studying
the population allows us to draw conclusions about the entire "society" of homogeneous
manifolds. Furthermore, we can investigate a particular homogeneous manifold, showcasing
the main strength of the Tricerri-Vanhecke research program [TV83], as it provides tools to
differentiate homogeneous manifolds solely by examining their transitive actions.

A chronological overview of the Ambrose-Singer Theorem is provided in this section (see
Fig. 1.1). It is a fundamental tool to connect geometry, algebra and analysis. In particular, we
explore deeper into the philosophy of Ambrose-Singer’s Theorem and the connection between
these three fields.

As we mentioned above, symmetric spaces are a particular case of homogeneous manifolds

with the Cartan decomposition. In this case, the canonical connection coincides with the
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Space
forms

Symmetric
spaces

Riemannian
homogeneous spaces

Locally homogeneous
Riemannian manifolds

Fig. 1.1 Hierarchy of Riemannian transitive actions

Levi-Civita connection in the Riemannian case. In 1926, Elie Cartan characterized Riemannian

symmetric spaces.

Theorem 1.3.1 ([Car29]). Let (M,g) be a connected and simply-connected complete Rieman-
nian manifold. Then, M is symmetric if and only if VR = 0, where R is the curvature tensor of

the Levi-Civita connection V.

This theorem provides the following mathematical tools: every symmetric space, whose
definition is purely geometric, has a decomposition in terms of Lie algebras called the Cartan
decomposition. Furthermore, the covariant derivative of the Levi-Civita connection makes the
curvature of this connection parallel.

Following the philosophy of these theorems, the key ideas are shown in the global re-
sults where the theorem assumes conditions such as completeness and simply connectedness.
However, when we drop these conditions, these theorems remain true at the price that the
differentiable manifolds are no longer homogeneous but locally homogeneous. In the case of
Cartan’s Theorem they would become locally symmetric.

Theorem 1.3.2 ([Car29]). Let (M, g) be a Riemannian manifold. Then, M is locally symmetric

if and only if VR = 0, where R is the curvature tensor of the Levi-Civita connection V.

To continue this story, we must look back to 1958. In that year, Ambrose and Singer proved
that for complete, connected and simply connected Riemannian homogeneous spaces there was
a theorem analogous to Cartan’s Theorem.

Theorem 1.3.3 ([AS58, p. 656]). Let (M,g) be a connected and simply-connected complete

Riemannian manifold. Then, the following statements are equivalent:
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1. The manifold M is Riemannian homogeneous.

2. The manifold M admits a linear connection V satisfying:

VR=0, VS§=0, Vg=0, (1.7)

where R is the curvature tensor of the Levi-Civita connection V€ and § = V€ — V.

Note that, see [TV83, p. 14-16], Egs. (1.7) are equivalent to:
VR=0, VI =0, Vg=0, (1.8)

where R and T are the curvature tensor and torsion tensor of the connection V.

Definition 1.3.4. Let (M,g) be a Riemannian manifold with Levi-Civita connection V. A
connection V is a Ambrose-Singer Riemannian connection (or AS-connection, for short) if it
satisfies equations (1.7) (or equivalently, (1.8)). Moreover, under these conditions the difference
tensor S = VEC — V is called the Riemannian homogeneous structure and the manifold the

Ambrose-Singer Riemannian manifold.

Riemannian symmetric spaces are reductive homogeneous spaces G/H with G a group
of isometries. Moreover, the Cartan decomposition satisfies g = § +m and (1.4). From
Thm. 1.2.15, the canonical connection (or AS-connection) for this reductive decomposition is
torsion-free and metric, then it is the Levi-Civita connection. It follows that for Riemannian

symmetric spaces with the Cartan decomposition, then the homogeneous structure is § = 0.

1.3.1 Locally homogeneous Riemannian manifolds

Based on this philosophy, it is necessary to provide an algebraic characterization of locally
homogeneous Riemannian manifolds. We take it step by step. In 1960, the following was
published:

Theorem 1.3.5 ([Sin60, p. 692]). If M is a complete, simply connected Riemannian manifold

which is infinitesimally homogeneous, then M is a Riemannian homogeneous manifold.

An infinitesimally homogeneous manifold is a Riemannian manifold whose covariant
derivatives of the curvature tensor of the Levi-Civita connection, up to a certain order, are the
same at each point. This would be known as the Second Singer’s Theorem, but it is not true.
If it would be correct, then every locally homogeneous manifold would be locally isometric to
a globally homogeneous manifold. Thirty years later, Kowalski found a counter example to the

Second Singer’s Theorem, see [Kow90]. In 1992, Tricerri proved:



1.3 On the history of Ambrose-Singer Theorems 27

Theorem 1.3.6 ([Tri92, p. 413, Thm. 2.1]). A Riemannian manifold (M, g) is locally homoge-

neous if and only if there exists a linear connection V satisfying:
VR=0, VS=0, Vg=0,
where R is the curvature tensor of the Levi-Civita connection V€ and § = V€ — V.

In [Tr192], there is an example of a locally homogeneous manifold that cannot be locally
isometric to any homogeneous manifold. Here ends the brief story concerning the beginning of
the study of transitive actions on Riemannian manifolds. And here begins an ambitious program
developed by Tricerri and Vanhecke ([TV83], 1983) that provides interesting and powerful
geometric results taking advantage of the interplay between partial differential equations,
Algebra and Geometry. For a recent reference giving a panoramic view of most of these

geometric results, the reader can go to [CC19].

Definition 1.3.7. Let (M, g1, ?1) and (M, g, @2) be two Ambrose-Singer manifolds with its
respective S and S> homogeneous structures. We say that they are Ambrose-Singer isomorphic
if there exists an isometry f: M| — M, such that, f,.S1 = S5.

Note that f is an isometry, which means it is affine with respect to the Levi-Civita connection
of both manifolds. Consequently, f is an affine map between AS-connections.

It is pertinent to note that manifolds may have different representations as quotients,
that is, there are different Lie groups acting transitively on the same manifold. Are these
AS-isomorphisms able to differentiate between actions? Yes, we show that quality of

AS-connections with two examples.

* The real hyperbolic space RH(n) has more than one representation as a quotient G/H.
For example, the symmetric representation of RH(n) is SO(n,1)/SO(n), with Cartan
decomposition, s0(n, 1) = so(n) +m. Thus, the canonical connection is the Levi-Civita
connection. Nevertheless, the Lie group representation of RH(n) is AN, where A and
N are, respectively, the abelian and nilpotent Lie groups of the Iwasawa decomposition
of SO(n, 1), (see [TV83, p. 55] and [CGS09, Sec. 3.1]) with a canonical connection of
vectorial type given by V =V +§ where V is the Levi-Civita connection and S is the

homogeneous structure given by,

where & is the unit killing vector field generated by the abelian part of AN (see [CGS09]).
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» From [MS43], all the representations of S” as quotient G/H are the following,

S"=80(n+1)/SO(n), S =U(n+1)/U(n),
S = SU(n+1)/SU(n)
§*1 =8p(n)/Sp(n—1), §" ' =8p(n+1)Sp(1)/Sp(n)Sp(1), (1.9)
§*1 =Sp(n)U(1)/Sp(n — 1)U(1)

S =G,/SU(3), S =Spin(7)/SU(3), S' = Spin(9)/Spin(7),

and every of these representations defines a different (non-isomorphic) canonical connec-
tion, see [AHL23].

In light of these examples, we note S” = SO(n+ 1)/SO(n) and RH(n) = SO(n,1)/SO(n)
have the same expression S = 0 homogeneous structure at every point, but they are not even
locally isometric. Therefore, it is necessary to develop a new tool to differentiate locally

isometric Riemannian manifolds with the same homogeneous structure.

Let (M,g,V) be an Ambrose-Singer Riemannian manifold and p be a point in M. Let
V = T,M be the tangent space in a fixed point p € M, and consider

R: VAV —End(V), T:V — End(V), (1.10)
the curvature and torsion of V on p. Then, the following equations are satisfied

TxY +TyX =0,
RxyZ+RyxZ =0,
Rxy T =Rxy-R=0,
ORyyZ+T5yZ =0,

XYz

(1.11)

GRTXYZ - 0,

XYz

Rxy-g=0

where O is the cyclic sum, and Rxy acts in a natural way in the tensor algebra of V as a
XYZ

derivation. This algebraic structure (7,M R, T, gp) is called a Riemannian infinitesimal model.
In general, a triple (V,I?, T,go) is called a Riemannian infinitesimal model if V 1s a finite
dimensional vector space with a metric tensor element gg, and R, T are two tensor elements
defined by (1.10) and satisfy (1.11). Conversely,

Theorem 1.3.8 ([LT93], Thm. 4.1). For every Riemannian infinitesimal model (V,R, T, g)

there exists an Ambrose-Singer Riemannian manifold (M,g,V) such that, for a point p € M,
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the metric tensor g at p is go, and the curvature and torsion of V at pare R and T, respectively.

In particular, (M, g) is locally homogeneous.

In addition, we say that two infinitesimal models (V,R,T,g) and (V',R',T',g') are isomor-

phic if there exists a linear isomorphism f: V — V’ such that

Obviously, two infinitesimal models associated with different points in an AS-manifold are
isomorphic. Moreover, if two different AS-manifolds are AS-isomorphic, then its respective
infinitesimal models are isomorphic.

From every Riemannian infinitesimal model (V,R, T, g0), We can construct a transitive Lie

algebra using the so-called Riemannian Nomizu construction, see [Nom54, p. 62]. Let

go =V @ bo, (1.12)
where hp = {A €s50(V): A-R=0,A-T =0,A-K =0}, equipped with the Lie bracket

[A,B] = AB— BA, A,B € b,
[A,X] =AX, Aehy,XeV,
[X,Y] = —TxY + Rxy, X,Yev.

Alternatively, we can also consider the so-called transvection algebra, see [Kow90]. Let
go =V @ hol (1.13)

where hol is the Lie algebra of endomorphisms generated by Ryy with X, Y € V, equipped
with brackets as above. In particular, this Lie algebra coincides with the holonomy algebra of
the connection V.

Summarizing, if M is not simply-connected or complete, the existence of V is still extremely
useful, as it characterizes locally homogeneous manifolds, a kind of spaces that are more than

a mere local version of global spaces.

Example 1.3.9. We consider the Lie algebra representation of spin(n+2) given by

0 v a)\ Acspin(n);
spin(n+2) = -V A W ovweRY
—a —w 0 acR
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associated with this representation of Lie algebras, we can construct the decomposition,

spin(n+2) = spin(n) +m,

where
0 0 0 0 o e
v, w 5
h=spin(n)=< [0 A 0|:Aecspin(n) p, m=< | —v e
a
0 00 —a —w 0

If we include the closed Lie subgroup SO(n) = {diag(0,4,0) : A € SO(n)} C SO(n+2), then
we can consider the homogeneous manifold M = SO(n+2)/SO(n) with reductive decomposi-
tion given above, this is a consequence of [, m] C m and SO(n) is connected. Moreover, if we
lift these Lie groups to their universal covers, then we find a natural way to include Spin(n) as

a closed Lie subgroup of Spin(n +2). And, analogously,
M = Spin(n+2)/Spin(n)

with dimension equal to 2n + 1 and reductive decomposition given above. The next step is to
construct the invariant tensors on the manifold and to construct the homogeneous structure.

First, we should notice that there are three invariant h-submodules of m whose expressions are

given by,
0 VvV 0 0 0 O
m=<¢Xv)=|-v 0 0|:veR" 3, my=<Yw)=]0 0 wl|:weR" >,
0 00 0 —w 0
and
0 01
ny =spang(N2), No=1]1 0 0 0
-1 0 0

Since [, ny] = 0, there is an invariant vector field & on M generated by N,. We define the 1-form

n) = % Moreover, we define ¢ : m — m such that ¢ (Z) = [N,,Z]. In particular,
g b)

¢(N2) =0, ¢(X(v)) =Y (v), ¢ (w))=—-X(w).
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Therefore, [h, ¢] = 0, which means that there exists a left invariant (1, 1)-tensor field ¢ such
that ¢ (&) = 0 and ¢? = —Id. Indeed, these two tensors 7 and ¢ define an invariant almost
contact structure on M. Finally, we construct a left-invariant Riemannian metric g. We take a
metric tensor in m such that the basis {N2,X(e;),Y (e;);i = 1,..,n} is an orthogonal basis. In
particular, we define g(B,C) = —tr(BC), for B, C € m; +m; and g(N2,N,) = A for certain
A >0.

As [A,X(v)] = X(Av) and [A,Y (w)] = Y(Aw) for every A € ) and v, w € R”, therefore,
we have [h,g] = 0 and we can define a left-invariant Riemannian metric g on M. Indeed,
(M,g,¢,E,m) is a Spin(n + 2)-invariant almost contact metric structure, see Sec. 3.1.

Now, we compute the torsion and curvature of the AS-connection. For that, we compute

the Lie brackets of the elements in m:

[X(v1), X (v2)] = diag(0, —vivy +v211,0) € b,
[¥ (w1),Y (w2)] = diag(0, —wiw) +wow1,0) € b,
(N2, X(V)] = (X (v),  [N2, Y (w)] = (Y (W),
[X(v),Y (w)] = (X (v), X (w))N2 = —g(X(v), ¢(Y (w)))Na.

Therefore, the torsion of the canonical connection is given by

TsC = —[B,Clm = g(B,9C)E —n(B)9C +1(C)$B

and
TBCD = g(_[B7C]maD> :g(B,‘PC)TI(D) +8(C7¢D)n(3) +g(Da (])B)T](C)

To get the homogeneous structure tensor we use
2g<SBC7D> = g([B7 ]myD) _g([C7D]m7B) +g([D;B]m,C)

(see [CGSO06, p. 601] for more details of this formula). Then,

2g(SC,D) = —g(B,¢C)n(D) — g(C,¢D)n(B) — g(D,$B)n(C)
+8(C,¢D)n(B) +g(D,¢B)n(C) +g(B,9C)n(D)
—g(D,¢B)n(C) —g(B,9C)n(D) —g(C,¢D)n(B)

= —¢g(B,¢C)n(D) —g(C,¢D)n(B) — g(D,9B)n(C)

Therefore,
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or equivalently,
255C = —g(B,¢C)N> +1(B)9C —1(C)9B.

We study the sectional curvature of the Levi-Civita connection of (M, g). Since
Rpc = Rpc+ [Sc, Sg] — Stucs
we have, for unit vector fields,
Kpc = Kpc +¢([Sc, SB|B,C) — g (S7,¢B.C)

where K and K are the sectional curvature of V and 6, respectively. As,

(1.14)

Because S is totally skew-symmetric and T3C = —255C,
8([Sc,SB]|B,C) = g(ScSgB,C) — g(SgScB,C) = g(ScB, SgC) = —g(SgC, SgC),

and
—8(S7,cB,C) = g(SgTpC,C) = —g(TpC,SpC) = 2g(SC, SC).

Therefore, for unit vector fields,
Kpc = Kpe +8(SBC,SBC), (1.15)

and
(Ag(B,9C)*+1(B)*g(¢C,9C)

+n(C)*g(¢B,9B) — 1 (B)N(C)g(¢B,¢C)).

I

g(SgC,SpC) =
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This last equation, evaluated at unit vectors of the basis m, reads

(=)
=)

g (Sx(w X (n2),Sx ()X (v2)) =

g (Sx(w)Y W2),Sx(v)Y (w2)) =

, 8 (Sy ()Y W2), Sy ()Y (w2)) =

: g(Sm,X,Sn,X) =

)

(1.16)

N
N

For A = 4 and unit vectors, we combine (1.15), (1.14) and (1.16). Then, we conclude that the
sectional curvature K(X,Y) of the Levi-Civita connection is constant and equal to 1. Indeed, in
this case, M = S?+1,

Specifically, when n = 7, we have M = S!°> = Spin(9) /Spin(7). This setting allows us to
compare our constructed description, wherein the isotropy representation has three irreducible
submodules my, my, and ny, with the description presented in [DKL22, pp. 452-454]. In the
latter, Spin(7) acts effectively on two irreducible submodules: one isomorphic to @ and the
other to Im(Q). Although these two homogeneous descriptions of S!° are not isomorphic
as AS-manifolds, they are isometric. Moreover, both descriptions share the same quotient
representation, S'> = Spin(9) /Spin(7).

Remark 1.3.10. Furthermore, these examples model the connected, complete and simply-
connected homogeneous Sasakian manifolds with homogeneous structures of type Cs & CSs
(see Thm. A.2 and Thm. A.3).

For a deeper discussion on how to compute the homogeneous structure see [TV83] or [CC19,

Ch. 2]. Here, we refer to some papers where the authors studied homogeneous structures.

The three different homogeneous structures of compact Lie groups, see [CC19, p. 56-58].

The Heisenberg group, see [TV83].

The standard three sphere, see [CC19, p. 54-55].

The Berger 3-sphere, see [GOO0S5].

The spheres, in general, see [AHL23].

The real hyperbolic spaces, see [CGS09] and [CGS13].

The complex hyperbolic spaces, see [CC22a].

1.3.2 Classifications of homogeneous structures

A first goal of [TV83] is to determine whether two homogeneous structures can be AS-

isomorphic. In fact, the classification of the (1,2)-tensor S (also known as homogeneous
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structure tensor) into O(n)-irreducible classes explicitly specifies necessary conditions. We
also denote by S the (0,3)-tensor field, Sxyz = g(SxY,Z). Let S be the space of homogeneous
pseudo-Riemannian structures. It is decomposed into three classes

S1= {SG S Sxyz=8(X,Y)0(Z) —g(X,2)6(Y), 0 € F(T*M)},
S = {SeS: Ssxrz =0, cnn(S) :o}, (1.17)

S3= {SGSI SXYZ+SYXZ:0}7

where ¢12(S)(Z) = X7 Se;e;z for any orthonormal basis {ey, ... ,en}.
Note that, § is a finite submodule of the tensor algebra of M. Furthermore, we can equip S
with a scalar product (, ) given by

n

/
S S Z Se i€jek e,ejeka
i,jk=1

so that, the classes are O(n)-irreducible and orthogonal submodules of S.
We deduce from this that there are eight classes of Riemannian homogeneous structures,

but we focus on only three.

({0}) Homogeneous structures with S = 0 correspond to Riemannian (locally) symmetric
manifolds with their respective Cartan decomposition. See examples above or see [KN69,
Chapter X].

(S1) This is called the class of linear type and the homogeneous structures of this type are
referred to as being of linear type. This is because the dimension of the submodule S}
grows linearly with the dimension of the manifold. There is a complete description of
this class as being locally isometric to the real hyperbolic space, see [TV83, p. 55].

(S3) Homogeneous structures of this class are called naturally reductive. They are totally
skew-symmetric and the homogeneous structure coincides (up to scalar multiplication)
with the torsion tensor of the AS-connection. For example, this type of homogeneous
structure arises naturally on the spheres and Lie groups, see [TV83] for more details
about naturally reductive manifolds.

1.3.3 Generalizations of the Ambrose-Singer theorem

Important extensions of the Ambrose-Singer Theorem have been carried out in the literature.

For example, the characterization of (local) homogeneity on pseudo-Riemannian manifolds
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was developed in [GO92] and the philosophy of Tricerri and Vanhecke was extended to pseudo-

Riemannian geometry in [GO97].

Theorem 1.3.11 ([GO92, p. 454-455, Prop. 1 and Prop. 3]). Let (M,g) be a connected and

simply-connected pseudo-Riemannian manifold. Then, the following statements are equivalent:
1. The manifold M is reductive pseudo-Riemannian homogeneous.

2. The manifold M admits a linear complete connection V satisfying:

VR=0, VS=0, Vg=0,

where R is the curvature tensor of the Levi-Civita connection V€ and § = V€ — V.

This situation shows a relevant difference with the original Riemannian version since the
existence of the metric connection with parallel torsion and curvature characterizes homoge-
neous spaces of reductive type only. As we know, the Lie algebra of a group acting transitively
on reductive spaces can be decomposed into two factors, invariant under the adjoint action
of the isotropy subgroup. Since every Riemannian homogeneous manifold is automatically
reductive, this particularity only shows up when dealing with metrics with signature.

The second main extension of the homogeneous structure tensors was given when additional
geometric structures are considered together with the pseudo-Riemannian metric, see the

following Theorem and its respective references.

Theorem 1.3.12 ([Kir80] or [Luj14, p. 30, Thm. 2.2.4]). Let (M, g) be a connected and simply-
connected pseudo-Riemannian manifold with a geometric structure defined by a set of tensor

fields Py, ... P Then, the following statements are equivalent:

1. The manifold M = G/H is reductive pseudo-Riemannian homogeneous such that G
preserves Py, ... . P,

2. The manifold M admits a linear complete connection \Y satisfying:

VR=0, V§=0, Vg=0, VP=0, i=1,....k

where R is the curvature tensor of the Levi-Civita connection V€ and § = VL€ — V.

With geometric structure the authors mean a reduction of the orthogonal frame bundle, that
is, a G-structure, to a subgroup G of the orthogonal group of the corresponding signature. This

reduction is understood to be determined by the existence of a tensor or set of tensors on the
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manifold characterizing the frames of the corresponding reduction. From that point of view,
the group G is the stabilizer of a canonical tensor (or set of canonical tensors) on R” by the
natural action of O(p,q), p+ g = n. When this geometric structure is included in the picture,
the notion of homogeneous spaces requires the transitive action of an isometry group that also
conserves the geometric tensors on M. Important instances of this situation include Kihler,

quaternion-Kéhler, Sasaki or G, spaces among others.

Symmetric
spaces Homogeneous
manifolds
Reductive
Homogeneous
manifolds
Locally reductive homogeneous Locally
manifolds Homogeneous

manifolds

Fig. 1.2 Hierarchy of general transitive actions

Summarising, Riemannian transitive actions have a different hierarchy than transitive
actions, in general, where being homogeneous and reductive homogeneous are not the same.
Nevertheless, the Tricerri-Vanhecke line of work [TV83] continues in the reductive program

even when the manifold is pseudo-Riemannian instead of Riemannian.



Chapter 2

The homogeneous geometries of the
complex hyperbolic space

Homogeneous manifolds provide a rich and varied class of spaces that have always deserved
the special attention of geometers. In this chapter, we focus on one of these spaces: the complex
hyperbolic space CH(n) = SU(n,1)/S(U(n)U(1)). This manifold plays an important role
in different geometric situations (among many others, the reader may look at the following
recent works on CH(n): [DDS17], [SSS20], and [Won18]) and in particular it is a model
for certain questions and classifications. For example, CH(n) is the paradigmatic space of
the homogeneous structure tensors of linear type in the Ambrose-Singer Theorem for Kihler
manifolds since a Kidhler manifold with a homogeneous tensor of linear type must be locally
holomorphically isometric to the complex hyperbolic space, cf. [GMMO00].

A homogeneous geometry of the complex hyperbolic space is understood as a transitive
action by isometries of a Lie group G on CH(n), that is, a homogeneous description CH(n) =
G/H, together with a canonical connection defined by a reductive decomposition associated
with it. Surprisingly, comprehensive lists of all homogeneous descriptions of homogeneous
spaces are unknown in many cases. Furthermore, even if all transitive actions on a homogeneous
space are known, questions about the geometry of the canonical connections are still unsolved
in most cases. In [CGS09], a complete description of the groups G acting transitively on
real or complex hyperbolic spaces is provided (so then RH(n) or CH(n) are G/H for certain
subgroups H). With respect to the real case, the classification is completed by the analysis
and characterization of the holonomies of all canonical connections in [CGS13]. Apart from
that, there are only a few partial results on classical homogeneous manifolds (Berger 3-
sphere [GOO05], or the 3-dimensional Heisenberg group [TV83, Ch. 7]). With respect to the

complex hyperbolic space, the only well known homogeneous geometry is the symmetric
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one, where one considers the full Lie group of isometries G = SU(n, 1), and the canonical

connection coincides with the Levi-Civita connection.

2.1 Pseudo-Kihler manifolds and their homogeneous structures

Let (M, g) be a pseudo-Riemannian manifold with signature (r,s) equipped with an additional
(1,1)-tensor field J satisfying J> = —Id and

g(X,Y)=g(JX,JY) VX,YEcTM.

In these conditions, we say that (M, g,J) is an almost pseudo-Hermitian manifold and we call
Kdihler form to the 2-form,
o(X,Y) = g(X,JY).

Finally, we say (M, g,J) is a pseudo-Kdhler manifold if it satisfies,
Vo =0

where V is the Levi-Civita connection. In a broad sense, pseudo-Kihler manifolds are the
trivial submodule of the classification in [GH80]. They decompose the space of (0, 3)-covariant
tensor elements with the same symmetries of the covariant derivative of the Kéhler form (V)
in a fixed point p € M, that is,

W= {Oc EVIRV RV a(x,y,z) = —a(x,z,y) = —a(x,Jy,Jz), Vx,y,z € V}.

where V = T,M. This space decomposes into four U(r, s)-irreducible and orthogonal submod-
ules as,
W=W+W,+ W3+ Wy

this decomposition gives sixteen classes of almost pseudo-Hermitian manifolds and its explicit
expressions are in [GH80, p. 41].

2.1.1 The Ambrose-Singer equations for Kihler manifolds

Let (M, g,J) be a connected, simply-connected and complete Kihler manifold of dimension 2n
and let S be a Kédhler homogeneous structure tensor (see [AG88]), that is, a (1,2)-tensor field on
M such that

VR=0, Vg=0, VJ=0, VS=0,
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where V=V —§ , V is the Levi-Civita connection, and R its curvature tensor. We fix a point
p € M. The holonomy algebra hol of V is generated by the endomorphisms Ryy of T,M, for
all X, Y € T,M, where R is the curvature of V. Note that these endomorphisms preserve the
tensors R, g and J. Furthermore, if we write m = T,M for certain p € M, by the so-called

transvection construction (see [Kow80] and (1.13)), the vector space,
g="hol+m
can be endowed with a Lie bracket defined by
U,V]=UV-VU, [UX]=UX), [X,Y]=Rxy—TxY,

forU,V € holand X, Y € m. Since, (M, g,J) is connected, simply-connected and complete, we
get a homogeneous description of M = G/H, where G and H are obtained by exponentiating
§ and hol respectively. Under these conditions, the connection V is the canonical connection
associated with the reductive decomposition of § = hol+m (see [KN69, p. 192]). Recall that,
for any homogeneous space M = G/H with reductive description g = b+ m, the canonical
connection at e = [H| is given by ([TV83, p.20]),

V5C = —[B.Cln 2.1)

for B, C € m, where the vector fields of the covariant derivative are regarded as the infinitesimal
generators in M induced by elements of m. The canonical connection has the property that
every left-invariant tensor on M is parallel.

We now work from an infinitesimal point of view. Let V = T,M. We interchangeably work

with (1,2)-tensors and (0, 3)-tensors given by the isomorphism,
(Sp)xrz =8((Sp)xY.2), X, Y,ZeV.

For the sake of convenience, S, is also denoted simply as S. The condition 6;( g=3Sx-g=0,
is equivalent to the skew symmetry of the last two slots of the tensor above. In addition, the
condition VyJ = Sy -J = 0 is equivalent to the invariance of the two slots with respect to J. We
thus define

KWV)= {S € @%V*: Sxyz = —Sxzv, Sxiviz = SXYZ}~

This is the space of Kdhler homogeneous structure tensor elements which is the generalization
of the space of Riemannian homogeneous structures S(V) (see Sec. 1.3.2) for Kihler manifolds.

Following the program of Tricerri and Vanhecke for this geometry, the group U(n) of unitary
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transformations of V ~ R?" acts on the space of tensors K (V). With respect to this action, (V')
can be decomposed in orthogonal and irreducible U(n)-submodules (see [AG88, Thm. 2.1]
and [BGO11, Thm. 3.5]) as

KV)=Ki(V)a (V) B K3(V) B Ka(V), (2.2)

with explicit expressions in Thm. A.1.

The philosophy behind this classification relies on its invariance: if S belongs to one of these
class at p, it also belongs to the same class in the classification at any other point g € M. That
is (cf. [CC19, Ch. 4]), it is equivalent to study the symmetries of the homogeneous structure S

or those of the tensor element S,.

2.2 The complex hyperbolic space

We refer to [Gol99] for the basics on complex hyperbolic geometry that we outline now. Let h
be the pseudo-Hermitian product in C"! defined by

WX, Y) =YX+ ... +Y 1 Xyt + Y1 X + VX1

The choice of this form (the so-called second Hermitian form) instead of the canonical one (the
first Hermitian from) is compatible with our choice of notation of the algebra su(n, 1) given
below. In any case, both forms are equivalent under a Cayley transformation. From h we define
the Riemannian metric g(X,Y) = Re(A(X,Y)) and the Kihler form & = Im(A(X,Y)).

Let 1 = C""1\ {0} — CP" be the canonical projection over the projective space. The
complex hyperbolic space is defined as CH(n) = m(V_), where V_ = {x € C**! : A(x,x) < 0}.
This is the Siegel domain model of CH(n). Unfortunately, this definition does not provide a
canonical Kihler structure on CH(n). For that purpose, given u > 0, we consider the anti-de
Sitter space

H* () = {x cC": hx,x) = —,u}.

Obviously, H*"*1(u) is an embedded submanifold of C"*! of dimension 2n + 1 such that

n(H**!(u)) = CH(n). The tangent space at z € H*"*!(u) is T,H*" ' (u) = {X e C"*!:
1
v
H>*!(u). Tt is easy to check that the projection 7: H*"+!(u) — CH(n) is an S'-principal

A

&(z,X) = 0} and in particular the vector field & = ——iz belongs to T,H>""!(u) for any z €

bundle the fibers of which are the integrable submanifolds of £. On the other hand, the vector

field £ induces an orthogonal decomposition

TZH2n+1(7‘) _ TZ/HZn-H(r) @R'gz,
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with T/H>*! (1) = {X € C"*!: h(X,z) = 0}. For any u > 0, we equip CH(n) with a Rie-
mannian metric g and Kiahler form @ from g and @ respectively, by the pointwise isomorphism

v = T/H*"" (1) — Ty CH(n), (2.3)

for all z € H*""1(u).
For any u > 0, the Levi-Civita connection associated with the metric and complex structure
induced by the projection H>**!(u) — CH(n) has constant sectional holomorphic curvature

equal to —%.
2.2.1 The descriptions of CH(n) as a homogeneous manifold

The description of CH(n) as a symmetric space is given by the quotient
CH(n) = SU(n,1)/S(U(n)U(1)),

where SU(n, 1), the full set of isometries of the complex hyperbolic space, is the set of complex
matrices of dimension n+ 1 preserving the form diag(Id,, —1), and determinant +1. We regard
the group S(U(n)U(1)) as the image of the monomorphism

U(n) — SU(n, 1)

(U 0 ) (2.4)
U— )
0 det(U)!

For the sake of simplicity of the computations in the rest of the chapter, it is much more
convenient to regard SU(n, 1) as the set of complex matrices of dimension n + 1, preserving
the form diag(Id,_1, (¢ })), and determinant +1. With this choice, the Lie algebras of these
groups are

( z—2+tr(B)=0;
B Vi WV
su(n. 1) . " Becu(n—1);
n,1)= —v i ,
i Z _ v17v2€(cn_l;
—vi ia —
L ! ¢ z€Csa,beR
B % v 2i(a+b)+tr(B) = 0;
t=s(u(n)+u(l)) = —v* i(a+b) i(a—>)|: Beu(n—1);

—v* ila—Db) i(a+b) veCva,beR
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As usual, the star * stands for the transpose of the complex conjugate. The reductive decompo-
sition
su(n,1) =s(u(n)+u(l))+m

of this symmetric description is given by the Cartan decomposition defined by the involution 0 :
su(n,1) — su(n, 1), 0(A) = diag(Id,—1, (9})) -A-diag(Id,—1, (9 )). The (+1)-eigenspace
is £ = s(u(n) +u(1)) whereas m is the (—1)-eigenspace is

0 v =V
m= v* a ib|:veClia,beR . (2.5)

—Vv* —ib —a

We now give the other homogeneous descriptions CH(n) = G/H. First, we consider the

Iwasawa decomposition G = KAN as well as its infinitesimal version
su(n,l) =t+a+n,

where ¢ = s(u(n) +u(1)) is the compact part, a = spang(Ap) is the unique maximal R-
diagonalizable subalgebra, Ag = diag(0, ... ,0,1,—1), and n = nj + n; is the nilpotent part

0 0 v 000
n, = —v* 0 0]:veC! 3}, m=RN,, M=|0 0 i
0 00 000

With respect to these last subspaces, they are the eigenspaces ny = g;, np = g3, associated
with the set of roots £ = {+A,+21}, A(Ag) = 1.

Based on the result of Witte on cocompact Lie groups [Wit90], one can determine all Lie
groups acting transitively on CH(n).

Theorem 2.2.1 ([CGS09, pp. 568-569]). The connected groups of isometries acting transitively
on CH(n) are the full isometry group SU(n, 1) and the groups G = F.N, where N is the nilpotent
factor in the Iwasawa decomposition of SU(n,1) and F, is a connected closed subgroup of
S(U(n—1)U(1))R C S(U(r)U(1))R with non trivial projection to R.

In the following, we repeatedly make use of the next brackets: For X € ny,

[A0,X] =X, [Ag,N2| = 2N,
[Ag,s(u(n—1)+u(1))] =0, [ng,s(u(n—1)+u(1))] =ny, 26
[mo,s(u(n—1)+u(1))] =0, [n,m2] =0,

[o,m2] =0, [n,n1] =ny,
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In particular, the last bracket reads

0 0 v 0 0 w 0 0 0
—v* 0 0],|-w* 0 0 =10 0 —vw+wyv | =4+2w9(v,w)N;
0 00 0 0 0 0 0 0

where v, w € C"! and @y, is the canonical symplectic (Kéhler) form in cr1.

2.2.2 The Kiihler structure of the homogeneous descriptions of CH(n)

Given a reductive decomposition g = h +m, we identify the reductive complement m with
T7(-)CH(n) for some z € H 2n+1(¥), and find the concrete expressions of the metric g and the
Kéhler form @ in m. Recall that, see (2.3), the Kihler structure on 7y,yCH(n) is induced by
the following isomorphism

v = T/H"" (1) — Ty CH(n),

where T/H>'+! (1) = {X € C"*!: h(X,z) = 0}. Therefore, given X € m, we first compute

d
—| exp(tX)-z=X-z€ TH" (),
dt|,—o

and then we orthogonally project to 7/H>" ™! (1), that is,

m— TZ/H2n+1<‘u)

X+—X-z2—h(X z,2).

We choose z = (0, ...,0, \/g— \/g> c H> ().
For the symmetric description CH(n) = SU(n,1)/S(U(n)U(1)) and the reductive decom-
positon g = h +m given in (2.5), we easily check that
0 v o =V \/7

2 %v
X(a,b,v): v* a ib — a\/g_lb\/g GE,HZH—H(,LL).

—v* —ib —a a\/g—ib\/g
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For the other descriptions, G = F.N, H = F, N S(U(n — 1)U(1)), the elements of the

reductive complements m have always non-trivial projection to a 4+ n and are thus of the type

U 0 —2v
v a+ic  2ib veClia beR,
0 0 —a+ic

for certain U € U(n— 1). In this case we have

u
Uu o0 -2 2\/;

X(aby)= |27 avic 2 | — |a\/b—io\/h | eTIH ()
0 0 —a+iC a\/g_lb\/g

Hence, the pull-back of the metric and the symplectic form to m under this identification
have the same expression for both cases G = SU(n, 1) and G = F,.N. In particular, recalling
that the metric and the symplectic form in 7,)CH (n) are the projection by v of the standard
ones in 7/H*"*1 (), this pull-back forms are

g(Xi(a1,b1,v1),Xa(az,b2,v2)) = p (araz + b1ba +2g0(vi,12)) (2.7)

and
o(Xi(ay,b1,v1),Xa2(az,b2,v2)) = p(a1by — azby +2mp(vi,v2)), (2.8)

where @y and go are the canonical symplectic (Kéhler) and Riemannian metric on cr1
respectively. Obvioulsy, the complex structure tensor J on m is characterized by ®(X1,X;) =
g(X1,JX2).

2.3 The canonical connections on CH(n)

For the symmetric homogeneous description of CH (n), the canonical connection is the Levi-
Civita connection (the homogeneous structure tensor S vanishes) so that its holonomy is the
holonomy of the Riemannian manifold.

In the following, we confine ourselves to the non-symmetric descriptions CH(n) = G/H
where G = F,.N and H = F,NS(U(n— 1)U(1)). Since (see (2.4)) S(U(n—1)U(1)) ~U(n—1)
is compact and F; is closed, then H is compact and, hence, reductive. Let h be the Lie algebra

of H and its reductive decomposition,

h = hO‘}_hss
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where b is abelian and b, is semi-simple.

Let f, be the Lie algebra of F,. C S(U(n— 1)U(1))A. With the restriction of the posi-
tive definite inner product k(E,E") = Re(tr(E*E")), E, E' € s(u(n—1) +u(1)) +a to §,, we
decompose

fr=a-+b

where a, is the orthogonal subspace to b, that is k(a,,h) = 0. By Thm. 2.2.1, a, projects
to a and is of dimension 1, so that we can write it as a, = RA, with A, = Ag + H, and
H, € s(u(n—1)+u(l))). Since k(Ag,h) =0 and k(A,,h) = 0, hence k(H,,h) = 0. Therefore,
H.=0orH, ¢W.
We claim that [a,, h] = 0. On the one hand, from the adjoint invariance of k, for every H,
H' cb,
k([A,,H],H) = —k(A,,[H',H]) =0

and then k([A,, b],h) = O which means that [A,, h] belongs to a,. On the other hand, [A,, b]
[Ao+H,,b] = [H,,b] C s(u(n—1)+u(l)). Hence, [A,, b] belongs to a, Ns(u(n—1)+u(l))
{0} because a, projects non-trivially to a.

Consequently, f, has the following reductive decomposition,

fr = (ar + hO) + hss-

In the expression
g=fr+n= (ar+h0)+hss+n

we define
s=a+n, s-=a,+n.

From (2.6), we have that [s,5] = n = [s,,5,].

Every canonical connection V in G/H is equivalent to a choice of an Ad(H)-invariant
subspace m complementary to f in g. The subspace m can be regarded as a graph of an
h-equivariant map

Qr: 5, — .

If we define the h-equivariant map
Xr: S — 5r

extending the identity in n and mapping Ao to A,, we can consider

¢:¢rox:5_>h»



46 The homogeneous geometries of the complex hyperbolic space

and m can be regarded as the image of

=Xt @iatn—bh
X+—X.

Lemma 2.3.1. The Lie algebra t of the holonomy group of the canonical connection V

associated with a reductive decomposition g = h+m is
t=0(n) =o(n).
Proof. The holonomy algebra hol is generated by
[m, m]p.
Let Hy = ¢(Ao), Hyo = H, + Hp. Then

Ay =A,+Hy=Ay+ H,,
Nz = N2+(P(N2),

by the h-equivariance of ¢ we have that Hy, ¢(N;) € ho.
The subspace m is spanned by [AO,X] , [AO,NZ] , [NQ,X} and [X,X’] ,for X, X' e ny;. We
study the projections to h of these brackets. During the proof, we repeatedly make use of (2.6).
With respect to the first,

[A0,X] = [A0,X] + [A0, @(X)] + [Hy0.X] + [Ho, (X))

2.9)
= X + 0 +[HoX]+ 0

since [H,,h] = 0. As H,g € s(u(n—1)+u(1)), then [Ag,X] lies in n;. Furthermore, H,o acts
on n; as a skew-Hermitian matrix acts in C* !, and then ady,, has no non-zero real roots.
Therefore, the function

fi=Id+adg,: ny — 1y

is invertible. Hence {[Ag,X]: X € n;} =n,. On the other hand, as X + ¢(X) € m, for X € ny,
then (X), = —@(X). Consequently,

{[A0.%],: X em} =o(m).
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The second bracket yields

[A0, V2] = [A0, No] + [Hy0, V2] + [Ao, @(N2)] + [Hyo, 9(N2)] =
= 2N + 0 4+ 0 + 0,

which means that N, = 3[Ag,N>]. Since N> + @(N,) € m, then (N,), = —@(N>) and conse-
quently,
[Ag, 2]y = @(n2).

The third bracket is

[V, X] = [N2,X] + [@(N2),X] + [N2, 0(X)] + [@(Va), 9(X)]
= 0 +[eM).X]+ 0  +o([MeX)]) = [eM)X].

As [@(N2),X] € ny, then [Ny, X]y = —@([0(N2),X]) = —[@(N2), 9(X)] = —0([N2, (X)]) = 0.
Finally, for X, X’ € ny, the fourth bracket is

XX = [X,X']+ X, o(X)] + [0(X),.X'] + [@(X), p(X)]. (2.10)

The first term lies in ny, the second and third lie in nj and the fourth lies in h. Hence, projecting

to b, we have

X, X"y = —o([X.X"]) — o(IX, o(X)]) — ¢([0(X),.X]) + [0(X), p(X)]
= —o([X. X)) = [p(X), p(X")].

As [n,n,] =mp, and [@(n1),@(n1)] C [b,0(n1)] = @([h,n1]) C @(ny), then

{[X,X’}b X, X' e nl} C o(n)+o(ny),
and the proof is complete. O]

From [KN69, Thm. 2.6], we now get the expressions of the curvature and the torsion forms
of all canonical connections V in CH(n).

Corollary 2.3.2. Following the notation above, the curvature form R of a canonical connection
V of a non-symmetric description CH(n) = G/H is given by,

~fio?? = —o(fX), RAONZ = —20(N,), ENZX =0
Rgy _2(00(va)¢(1\[2> - [(p<X)v(p(Y)]
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where X, Y € ny and f :=1d+ady, as in the proof of Lem. 2.3.1.

Corollary 2.3.3. Following the notation above, the torsion form T of a canonical connection

V of a non-symmetric description CH(n) = G/H is given by,

~A0 —]/C\)/(, TAONZ = —ZNQ, T~ X = [¢(N2>7X:|
~XY = —ZG)Q(X,Y)NZ - [(P(X)7Y] - [ 7¢(Y)]
where X, Y € ny and f :=1d+ady, as in the proof of Lem. 2.3.1.

We also have the following result, it is important in the study of homogeneous structures of

linear type.

Corollary 2.3.4. For any canonical connection of a non-symmetric homogeneous description

CH(n) = G/H, there exist two non-vanishing and non-collinear parallel vector fields.

Proof. As RpcAp = 0 and RgcN, = 0, for any B, C € m, then we have that 6140 =0 and
VN, =0. O

2.4 The homogeneous structure tensors of CH(n)

The goal of this section is to provide a technical but useful expression of the homogeneous
structure tensor S = V — V for any reductive decomposition g = fj +m of a (non-symmetric)
homogeneous description G/H = CH (n).

First note that the decomposition
m = a-+fi +ip,

given by the isomorphism ~ = x4+ ¢ : a+n —> m is orthogonal with respect to the metric (2.7).

Furthermore, if we write
B=oagAy+nsN2+Xp,  BeEm,
the symplectic structure (2.8) gives that
oyp = %Tl& nsg = —20p, X;p=JXp. (2.11)
For later convenience we define

B = ap@(Ag) + ns@(N2) + ¢ (Xp),
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P

Br — [HraXB]a

where H, = x,(Ag) = Ao — @(Ap). Note that H, belongs to 5(u(n— 1) +u(1)) so that it preserves
g and o.

Lemma 2.4.1. For any B, C, D € m, we have the following formulas,

[B,Clw = ag(C+Cr—ncN2) — ac(B+ B, — ngiV2)

4 - (2.12)
+[B,C]—[C,B] + ﬁw(B,C)Nz

and

§(B.Cln:D) = apg(C.D) — acg(B.D) + 4 (acnz — ncan)
+ 0pg(Cr, D) — acg(By, D) +Mp@(B,C) (2.13)
—|—g([B/,C],D) —g([Cl,B],D).

Proof. From (2.9) and (2.10) we get

[B,C] = op (2NcN2 + X + [Hy, Xc| + [Ho, Xc))
— ac (2ngN> + X + [H,, Xg| + [Ho, XB])
+ [Xp, Xc] + [9(XB), Xc] + [XB, 0 (Xc)] + [@(X), 0(Xc)]
+na[@(N2),Xc] — nel@(N2), Xs].

We add +opacAg, £opncN2, £0cnpN;, in first and second rows and we project to m. We
get (2.12) from the expression (2.8) that now looks like

i 4 i
2(apMe — Npac) N2 + [Xp, Xc] = ﬁa)(B,C)Nz.

Finally, (2.13) is a direct consequence. ]

Theorem 2.4.2. Following the notation above, the homogeneous tensor S associated with a

canonical connection V reads

g(SBC,D) = OCDg(B,C) — (Xcg(B,D) + OCJDg(B,JC) — OCJCg(B,JD)

o (2.14)
— oy (Xc,Xp) + g([B',C],D) + og(C:, D)

forany B, C, D € m.
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Proof. To compute the homogeneous structure tensor we use
2¢(S5C,D) = g([B,Clm. D) — g([C.Dlm,B) +&(ID. Bm,C)

for B, C, D € m, derived from (2.1) and [Bes87, p. 183]. Making use of Lem. 2.4.1 and taking
into account that for any U € s(u(n—1)+u(1)) and B, C € s, then g([U,B],C) +g(B,[U,C]) =
0, we have

2A&£JD=2%@@%3—ZWng»+%anmD—mmd

+an(B>C) _an(CaD) ‘H?C(D(D73)
—i—2g([B’,C],D) +2aBg(Cr7D)7

The proof is complete by (2.8) and (2.11). [l

2.5 The holonomy algebras on CH(n)

Let £ be the holonomy algebra of a canonical connection on CH(n) different to su(n, 1), that is
t = ¢(n) for certain h-equivariant morphism

Ol a+n—h.
We decompose n ~ C"~! + R in two orthogonal h-modules,
n=Ve+V’ (2.15)

where V' 2 ker¢|, and V; = {X e n: g(X,V') =0} 2 n/ker@|,. Since ¢ is a subalgebra of
s(u(n—1)+u(1)), it is of compact type and reductive. We can decompose it as

t= E0 + Essa
where £ is abelian and £, is semi-simple. This gives a decomposition of V; as
Ve = Vo + V5.

We now consider the complex tensor J associated with the Kéhler structure given above.

Lemma 2.5.1. The holonomy algebra ¢ acts trivially on Vo +J(Vp) +np +a.



2.5 The holonomy algebras 51

Proof. Since € C s(u(n—1)+u(1)), from (2.6) we have [¢,a] = 0 and [¢,n;] = 0. On the other
hand, for N € V), we have [¢,N] C V| since Vj is a ¢-module. But ¢([¢,N]) = [¢,¢(N)] C
[€,€9] = 0. Then [€,N] € V' NV, = {0}. Finally, € preserves J, and we get the [¢,/JN] =0. [

Lemma 2.5.2. The Lie algebra ¥y acts trivially on Vs + J (Vis).
Proof. We consider N € Vi, then, [¢y,N] € ViV ={0}. O
Lemma 2.5.3. There exists a t-module W isomorphic to Vg and contained in V'

Proof. Let ts =& + ... + ¥ be the decomposition of £ in sum of simple Lie algebras and
let Vj, be the €-module associated with £, forany i € {1, ... ,/}.

First we proof that, for any i € {1, ... ,I} and any non zero X € V;,, then JX ¢ V.
Suppose that JX € V. The sum decomposition gives that [Esj,X } = §;;V;, for any j, where
8;j is the Kronecker delta. Then, [&,,JX]| = &;;JV;; and, since JX € Vi, we have JX =
(JX)1+ ... +(JX); with JX; € V;. Therefore, we must have JV;, = V;,. Let X and X¢ be two
vectors in V;,. On the one hand, as ¢ ([X},Xc| — [Xp,X/]) = 0 and ker(¢|y,, ) = {0}, we have
[Xé,Xd =— [Xé,XB]. On the other, if we consider Xz, Xc, Xp € Vs,

([(Xs)', Xc]. Xp) = g([(Xs)".JXc],JXp)
as JXc €V,

g([(Xp)',JXc],JXp) = —g([(JXc) . XB] ,JXp) = +g([(JXc) . JXp|, X5)
= —¢([(VXc)' . Xp),JXs) = +&([(Xp)',JXc], I Xp)
= +3([(X)' Xe] Xp) = —g([(Rs)', Xc] Xb).

Thus, g([(Xs)',Xc],Xp) = —g([(XB)',Xc],Xp) = 0 for every X, Xc, Xp € Vi, and therefore
[(XB)’,XC] =0. As [ESJ,X] = 6;;Vi, &, acts effectively on Vj; and trivially on V;; with j # i if
[XI’;,XC} = 0 for every Xp, Xc € Vj, then &, is necessarily zero, and this is a contradiction with
the fact that 0 # X € €.
Now, we can say that, for any X € V;,, X # 0, the decomposition of £&-modules V = V4V +
v/, gives JX = (JX) s+ (JX)o+ (JX )y with (JX)o+ (JX)yr # 0. But, as €&, C &, acts trivially
onVp (Lem. 2.5.1), JVy, = [&,JX| = [&, (JX)gs] + [E5, (IX)yr] C Vis+ V', we get (JX ) =0.
We thus define the &-module V. = [t,,,(JX)y/] C V', with dim(,;) = dim(V;,) > dim(V;).
The map y;: Vs, — V., Wi(X) = (JX)y is a £-module isomorphism, injective, because of
ker y; = {0}, and surjective, because of dimensions.
Finally, we consider the €-module morphism y: Vi — V/, w(X) = (JX)y. IF X =X, +
. X, X; € &5, with y(X) =0, then 0 = [e5,, y(X)] = w([t5, X]) = ([t Xi]) = Wi ([&5;, Xi]).-
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Since y; is injective, we have [€,,X;] = 0 and then X; = 0 because &;, acts effectively on V,, for
all i. Then y is injective and the image y/(Vj;) is the W of the statement. U

Theorem 2.5.4. The holonomy algebras of canonical connection on CH(n), are su(n,1) and

all reductive Lie algebras of compact type
t= E0 + Ess

with £y = C" X R® abelian and ks semi-simple where s > 0, and r > 0, satisfying any of the

following two constraints of dimensions,
3r+2s+dim(ty) <n—1,

or, s > 1 and
3r+2(s— 1)+ 1+dim(ty) <n—1.

Remark 2.5.5. As we exhibit in the proof, the conditions and structure of £ provided by this
theorem are determined by the role played by n = n; +n, with respect to the morphism ¢ of
the equality £ = @(n).

First, the existence of two different conditions on the dimensions shows whether ¢(N;) € R*
vanishes or not. Of course, there are many choices of r, s and dimé; that satisfy both inequalities.
In these cases, the two possibilities ¢(N,) = 0 and @(N,) # 0 can be considered.

On the other hand, the splitting of £y into complex and real parts exhibits the action of
J. In particular C" is the J-invariant part of (ker¢) C n; ~ C"~! from the identification
t ~ (kerg)=.

Proof. Let V be a canonical connection on CH(n) (different to the symmetric one) and R its
curvature tensor. As €y = C” x R® is Abelian, then an effective metric representation of € is at
least of real dimension 4r + 2s. On the other hand, & acts effectively on Vs + W where W is
defined in Lem. 2.5.3, and dim (Vs + W) = 2dim(¥,5). We know that £ acts effectively on a+n
and the action is trivial on Vo +J(Vp) +ny + a (Lem. 2.5.1). Since the actions of €, and £, are

nonequivalent, we have
4r+2s+2dim(ts) < dim(a+n) —dim(Vy+J(Vo) + no +a).

We distinguish two cases, providing the two inequalities of the statement:
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» If we have Iéﬁoﬁz =—2¢(N,) =0, then N, ¢ Vy and N, ¢ JV; (since 2JN, = A & Vo C Vp).
Then

dim(Vo +J (Vo) +na+a) = 2dim(C" +R®*) —dim(Vo NJIVp) +2 =2(2r+5) —2r+2

so that
6r+4s+2dim(ts) <2n—2,

and we get the first inequality.

* If we have —2¢(N;) = RAONZ # 0, as [np,s(u(n—1)+u(l))] =0 (see (2.6)) and £ C
s(u(n—1)+u(1)), we have that @(N,) € & or N, € Vp, and in fact, N, € R®. Furthermore
Ag € JVy. Then

dim(Vo -I—J(Vo) +1ny + a) = 2d1rn((Cr + Rs) - dim(V() ﬂ]Vo) = 2(2r+s) —2r

so that
6r+4s+2dim(t) < 2n,

and the second inequality is proved.

Conversely, we start from a Lie algebra € satisfying the conditions of the theorem above,
and we construct a £-equivariant map ¢ as in Lem. 2.3.1 which is in direct correspondence with
a reductive decomposition g = £ 4+ m and with a canonical connection V of CH(n).

First, let ¢ = €y + €, be a reductive Lie algebra of compact type which satisfies the first
inequality of dimensions given in the theorem.

Since dim € < dimn; we can consider a subspace V; C n; together with a linear £-modules
isomorphims y: Ve — €. We transfer the decomposition € = € + €5, to V¢ by v as Vo + V.
We consider V| a minimal effective metric and complex representation of £y = C" x R* and we
take W a copy of V. As dim(V}) = 4r+ 2s, and using the constraints of dimensions we define,

n=C"'=Vi+ Vi +W+R +C"

for certain m > 0, where L = R* + C™ is a trivial submodule of £, and we define a complex
structure between the R* factors of V and L. This decomposition of n; admits a £-invariant
inner product compatible with the complex structure: in Vo + L = C"™; in Vi, the inner
product is induced by the effective representation; in Vg, we use that it is isomorphic to a
semi-simple Lie subalgebra of a compact Lie algebra. Hence, it admits a bi-invariant real inner
product which can be extended to a Hermitian inner product in Vg + W. Therefore, £ acts

effectively in C"~! preserving the Hermitian inner product and ¢ arises as a Lie subalgebra of
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u(n — 1) which is isomorphic to s(u(n — 1) +u(1)). Finally, we define ¢ to be y on V; and
zero on Vi +W + L4 a+n,. This realises € as the holonomy algebra of a canonical connection
on CH(n) withg =¢+a+n.

Second, let € = £y + €, be a reductive Lie algebra of compact type which satisfies the
second inequality of dimensions given in the theorem and s > 1.

We consider a copy V¢ C n, with non-trivial projection to n, of the £-module £ given by a
linear isomorphism y: V; — £. We decompose Vi as Vy + Vi by v, with Vy =ny + Vé. We
consider V| a minimal effective metric and complex representation of £y = C” x R* and we take

W a copy of Vis. As dim(V}) = 4r+2s, and using the constraints of dimensions we define,
n =C" ' = Vj+ Vi + Vi +W+R +C",

for certain m > 0, where L = C™ +R5~! is a trivial submodule of ¢ and we define a complex
structure between the R* factors of V;j and L. This decomposition of n; admits a ¢-invariant
inner product compatible with the complex structure: In Vj+ L = C” =1+ we choose any
inner product compatible; in V| the inner product is induced by the effective representation;
in Vg, we use that it is isomorphic to a semi-simple Lie subalgebra of a compact Lie algebra,
so that, it admits a bi-invariant real inner product which can be extended to a Hermitian inner
product in Vi; +W. Hence, a ¢ arises as a Lie subalgebra of u(n — 1) which is isomorphic to
s(u(n—1)+4u(1)). Finally, we define ¢ to be y on V; and zero on V| + L+ W + a then realises
t as the holonomy algebra of a canonical connection on CH(n) with g = ¢+ a+n.

The construction of the canonical connection associated with £is in the case A, = Ag (a, = a,
see Sec. 2.3) the construction is analogous for A, = Ay + H, with H, ¢ . Also, note that the
Lie algebra ¢ exponentiates to a closed (so compact) subgroup K of S(U(n—1)U(1)). O

2.6 The description of homogeneous types

To complete the study of homogeneous structures in the complex hyperbolic space we charac-
terize, in terms of the holonomy algebra of the canonical connection, when a homogeneous
structure belongs to the different subspaces of the decomposition (see the expressions in
Thm. A.1)

K(V) = Ki(V) + K2 (V) + Ks(V) + Ka(V).

For convenience in the rest of the section, the direct sums K;(V) 4+ /C;(V) and K;(V) 4+ KC; (V) +
Kk(V) is denoted by /iy (V) and iy j1«(V) respectively.
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In Thm. 2.4.2, we found a global expression for every homogeneous structure in CH(n).

We split the expression of (2.14) in four tensors,

E\(B,C,D) = apg(B,C) — acg(B,D) + oypg(B,JC) — oycg(B,JD),
E>(B,C,D) = aJBg(X]C,XD)

E5(B,C,D) =g([B',C], D),

E4(B,C,D) = apg(Cr,D).

Lemma 2.6.1. The tensor element E| belongs to Ky14(V) with

_ g(Ao,")
g(Ag,Ag)

Lemma 2.6.2. The tensor elements Ey, E3, E4 belongs to ker(ci2).

Proof. We consider an orthonormal basis

A -2 .
By = {éi,én:\/—%,é,-+n,e~2n:ﬁN2: i=1,... ,n—l}

of m such that Jé; = é;, and Jé;,, = —é&;. We check directly c|3(E>) = 0 and c12(E4) = 0.
We proof that ¢j5(E3) = 0. First, note that [@(X),X] = [@(X),X], for any element X € m.
Secondly, we consider the orthogonal decomposition n = Ve +V’ (2.15) and m = a + Vp + V.
Therefore, we take a basis B, = {é—%,é j: J=2,...,2n} preserving the decomposition
above, that is, there exists k € {2, ... ,2n} such that &; € V; for any j € {2, ... ,k} and
é;jeV forany je€ {k+1, ... ,2n}. From [@(Ao),Ao] = 0: if X € V, then it is satisfied that
[(X),X] € VenV' = {0}, and if X € V’, then ¢(X) = 0. Therefore, each term of the sum
ci2(E3) = g([(é1),e1]. D) + X5, 8([(€))',e;], D) + X741 8([(€})' ¢j], D) vanishes. O

Corollary 2.6.3. Given any non-zero Kiihler homogeneous structure on CH(n) we have that
012(5) (D) =4n op.
Corollary 2.6.4. The tensor element E; is of type Ko 314(V) = K2 (V) + K3(V) + K4 (V).

Proof. The homogeneous structure E, = o5 (g(JC,D) — (0ycp + NpNyc)), the first term lies
in Kp14(V) with 6, = —64 = « and the second term lies in /C34(V). O
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We recall the inner product in KC(V') defined as

2n
<S7 S/> = Z SéléjékSél~lék
i,jk=1
where B = {é], ... ,é,} is any orthonormal basis of (V,g). With respect to this inner product

we have

ker(cpa)t = {s e KK(V) : Sgep = g(B,C)02(D) — g(B,D)s(C)

+g(B,JC)02(JD) — g(B,JD)0>(JC), 0, € V*}.

Lemma 2.6.5. Let S be a Kdhler homogeneous structure on CH(n) = G/H and bol its
holonomy algebra. Then, S belongs to ker(c12)" if and only if hol is one dimensional with
R/;‘OMX =JX, forX € fiy and a, = a C ker ¢.

Proof. Since E; € ker(c2)*, from Lem. 2.6.2 we have that S € ker(ci2)* if and only if
E>+Es+E4 =0, that is, for any B,C,D € m,

g([B',C],D)+ opg(Cr,D) = —aypg(Xsc, Xp). (2.16)

Suppose E3 + E4 = —E;. Then, if we take B = Xp € fi;, we get g([¢(Xp),C],D) = 0,
which means that (Xp) = 0 and hol = @(n) is only generated by @(N>). If we take B = Ay,
then g([@(Ao),C],D) + g([H,,C],D) = 0 which means that ¢(Ay) = —H,. Nevertheless, in the
beginning of Sec. 2.3 we showed, ¢(Ag) € h and H, ¢ h or H, = 0 where § is the Lie algebra
of H. Then, necessarily H, = 0 = @(Ao), indeed a, = a C ker ¢. Finally, if we take B = N,
in (2.16) we have

n8g([@(N2),C],D) = —oypg(Xsc, Xp)

and as @(N,) acts trivially on a +n, and np = 203, then,

nsg([@(N2),C],D) = 20y58([@(N2),Xc], Xp) = —pg(Xsc, Xp).

Therefore, X;c = —2[@(N,),Xc] = RAONZXC'
Conversely, it is easy to check that for that holonomy algebra conditions it is satisfied
E,+E3+E4=0. [l
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Lemma 2.6.6. Let S = E| + E» + E3 + E4 be a Kiihler homogeneous structure on CH(n) =
G/H and Yol its holonomy algebra. Then, E3+ E4 belongs to L(V) ={S € K(V) : Sgcp =
g(Xic, Xp)9(JB), ¢ € V*} if and only if one of the following two cases occurs:

s The holonomy algebra Yol is one dimensional such that R A NZX = AJX, for X € #i1 where
A eRwithA #1, a, =aand ¢(a) = @(ny) = hol.

e The holonomy algebra hol is trivial and [Q(Ag) + H,,X] = BJX, for X € #i; where
H.=A,—Apand B € R.

Proof. Suppose that E3 4+ E4 € L, that is, for any B,C,D € m,
g([B',C],D) + apg(C,,D) = ¢(B)g(X;c,Xp). (2.17)
If we take B = X € f1;, then,

g([9(X),C],D) = g([9(Xs).Xc],Xp) = ¢(X)g(Xsc. Xp),

where for the first equality we have used that ol acts trivially in @ +fi,. Therefore, we have that
[0(Xp),Xc] = ¢ (Xg)X)c. Nevertheless, if we take Xc = X3, then for all Xp € fi1, ¢ (Xp)X;5 = 0.
This last equation implies ¢(Xg) = 0 and @(Xp) = 0, for all X € n;. Then necessarily
the holonomy algebra hol = ¢@(n) is trivial or an one dimensional subspace generated by
Ry, = 9(N2). )

We take B =N, and B = A in (2.17) we have

g([o(V2),Xc], Xp) = ¢(Na)g(Xsc, Xp) (2.18)

g([9(Ao) + Hr,Xc), Xp) = 0(A0)g(Xsc, Xp), (2.19)

respectively. From these two equations, we have [@(N,),Xc| = ¢(N2)X;c and [@(Ag) +
H,,Xc] = ¢ (Ao)X;c. Now we consider the two cases above, first, if hol is zero, then ¢(N;) = 0
and [@(Ag) + H,,Xc] = BJXp with B = ¢(Ag). Secondly, if hol is non zero, then @(N;) #
0 and [@(N;),Xc] = AJXp with A = ¢(N,). Moreover, in this case, necessarily H, = 0.
As ¢(Ao), 9(N2) € b, Hy ¢ b (beginning of Sec. 2.3) and because (2.18) and (2.19), H, =
8L 9(N2) - 9(Ag) = .

Conversely, it is direct to check that taking these two cases S belongs to L. U
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Remark 2.6.7. The subspace Ko44(V) Nker(cy2) has the expression,

{S€KW): Sacp = 8(B,C)(D) — g(B.D)Y(C) +8(B.IC)YID)

—g(B,JD)y(JC) +2ng(JC,D)y(JB), vy € V*}'

Lemma 2.6.8. Let S be a Kihler homogeneous structure on CH(n) = G/H and hol its holon-
omy algebra. Then, S belongs to K11214(V) if and only if S belongs to Ky14(V).

Proof. Let S = E| + E» + E3 + E4 be a homogeneous structure in Kjp14(V). As Ej €
ker(cio)* and E; + E3 + E4 € ker(cy), then S € Ky42.4(V) if and only if E; + E3 + E4 €
K1(V) + Ka14(V) Nker(cyz). Equivalently, because of Rmk. 2.6.7, there exists ¥ € V* and
S € K1(V) such that,

oyg(Xsc,Xp) + &([B',C], D) + apg(C,, D) = g(B,C)y(D)
—8(B,D)Y(C) +g(B,JC)y(JD) — g(B,JD)y(JC) (2.20)
+2ng(JC,D)y(JB) + Skcp.

As S' € K1 (V) (see the expressions in Thm. A.1), then

1 - 1 1
Seinio = ~Saomon T Swion 2.21)
for all B € m. Now we proceed by parts. Firstly, by substituting B € fij, C = N, and D = A,
in (2.20), we get
niy(JB) +Syy 7 =0.

Secondly, by substituting B = Ap, C =N, and D € fi; in (2.20), we get

u 1 _

0.
By substituting B = N, C = Ag and D € ii; in (2.20), we get

—u 1 _

Finally, taking in consideration these equations in (2.21), we obtain,

nuy(JD) = —uy(JD).

Therefore, y(JD) = 0 for any D € n;. Now we claim that ¥(N;) = 0 and y(Ao) = 0. From (2.21),

we get that SjiON = 0 and by substituting in (2.20), we conclude that y(N,) = 0. Arguing

2Ao
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analogously, we prove that y(A() = 0. This proves that y = 0 and E; +E3 + E4 € K1(V). As
(E3)pcp belongs to Ko 314(V) and is non-zero if and only if B is co-linear with N>, then it is
necessary that (E; + E3+ Ey) fep = 0 for any B, C € m. We compute this and get

%g(XJQXD) +g([e(N2),Xc],Xp) = 0.

Then, [@(N2),Xc| = —%JXC. Therefore, @(N,) acts effectively in all n; and because of
Lem. 2.5.1 and Lem. 2.5.2, hol is generated by ¢ (N, ). Indeed, this implies that g([B',C],D) =
—oypg(Xsc,Xp). Therefore, agg(C,,D) € K1(V), taking in account the identity of K (V) (see
the expressions in Thm. A.1). We finish that apg(C,,D) =0 and E; + E3 + E4 = 0. O

Theorem 2.6.9. Let S be a Kiihler homogeneous structure on CH(n) and hol its holonomy
algebra. Then,

1. S=0ifand only if hol = s(u(n) +u(1)).

2. S belongs strictly to Ko 4(V) if and only if hol is one dimensional with R AoNzX =JX,
for X € &y, and a, = a C ker @.

3. S belongs strictly to Ky1314(V) if and only if one of the two cases occurs:

* The holonomy algebra hol is one dimensional with RAONQX = AJX, for X € i
A#1, a0, =aand @(a) = @(ny) = hol.

e The holonomy algebra Yol is trivial and [@(Ao) + H,,X] = BJX, for X € &) where
H.=A,—Apand B € R.

4. Otherwise, S is of general type.

Proof. We proceed by parts.

We prove the first assertion. Let S be a homogeneous structure of CH(n), S is equal to
zero if and only if the Levi-Civita connection coincides with the canonical connection. As the
holonomy algebra of the Levi-Civita connection coincides with hol, then hol = s(u(n) +u(1)).

We prove the second assertion. Consider the decomposition Kp4(V) = ker(ci2)* +
Kay4(V) Nker(ciz). As Es,Ej,E4 are orthogonal to ker(cip)® and Ej € ker(cyz)*, then
S € Ky44(V) if and only if E; + E3 + E4 € Ky14(V) Nker(cyz). Because of Rmk. 2.6.7,
then these exists a y € V* such that for every B,C,D € m,

aJBg(X]C,XD) +g([B',C],D) + OCBg(Cr;D) =
8(B,C)y(D) —g(B,D)y(C) +g(B,JC)y(JD)
—g(B,JD)y(JC)+2ng(JC,D)y(JB).
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If we take in this equation above C = N, and D = Ay. Then, as [s(u(n— 1) +u(1)),Np] = 0 the
first row is zero. In the second row we use the identity, IN, = %Ao and JAg = —2N,. Therefore,

0= 2g(B,N2)¥(Ao) —28(B,A0)Y(N2) +ng(Ao,Ao) Y(JB).
Now, g(Ag,Ao) = u and solving for y(JB),

VUB) Zg(Baﬁo)Y(Nz)n;Zg(B,Nz)Y(A )

Finally, we consider the following cases: if B € fi, then y(JB) = 0; else, if B = Ay (recall that
JAg = —2N,), then —2y(N>) = 2y(N,); else, if B= N, then $y(Ag) = 5+7(N,). Consequently,
if n # —1, then ¥ = 0 and this case is reduced to Lem. 2.6.5.

We prove the third assertion. Consider the decomposition Kp4344(V) = Kapa(V) N
ker(ci2)* + Kay4(V) Nker(c2) + K3(V). As Ey, Ey € Ka43.4(V) and E3, E4 are orthogonal
to a1 4(V) Nker(cio)®, then, S € Ky 3,4(V) if and only if E3 + E4 € Ko 4(V) Nker(cpz) +
IC3(V). Therefore, there exists a y € V* and 3 e K, (V) such that for every B, C, D € m,

g([B/,C],D) + aBg(Cr;D) = g(B,C)’)/(D) —g(B7D))/(C)
+¢(B,JC)y(JD) — g(B,JD)y(JC) (2.22)
+2ng(JC,D)Y(JB) + Sacp-

As §? € K5(V), then
$ 3 3

Bi,Ay — DAo¥aB T SNadoB
for all B € m. Arguing analogously as in Lem. 2.6.8 we obtain,
(n—1)uy(JD)=0

which implies that y(JD) = 0 for all D € fi; (remind that if n = 1, then S = E}, indeed y(JD)
is necessarily zero). Therefore, y € (a4 fi)*. Equivalently to (2.22), we can consider another
4 co-linear with y and another $ € KC3(V) such that,

¢([B',C],D) + agg(C,,D) = 9(JB)g(Xic,Xp) + Shep- (2.23)

The tensor element 9(JB)g(X;c,Xp) belongs to Ko13.4(V) with projection to Ky, 4(V) is
equal o g(B,C)¥(D) — g(B,D)Y(C) + g(B,JC)¥(JD) — g(B,JD)Y(JC) + 2ng(JC, D)Y(JB).
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We claim § = 0. By taking B, C, D € fi; in (2.23) and §(i1;) = 0,
SA%CD = g([B/,C],D),
then, g([B',C], D) satisfies IC3(V') identity (see (2.2)), that is,

([B.C1.D) = 3&(1C".D].B) ~ 14([1. B].C)
. | (2.24)

Firstly, we consider the decomposition n; = Vg +Vy+V’ as in (2.15). Because of Lem. 2.5.1
and Lem. 2.5.2, €y acts effectively on V’. Consequently, if Xz € Vy + V', then S%CD =0.
Therefore, from now, we consider Xp € V. Secondly, by substituting D = [B',C] in (2.24) and
using the identities: [B’, B] = 0, the Jacobi identity and $3 - g = 0. Then,

18,1 = &((C B, B.C]) +&(((/C)', B), [8,JC)). (225)

We decompose, Xc = (X¢)ss + (Xc)o + (Xe )y and Xy = (X )ss + (Xic)o + (Xyc)yr with each
sum belonging to each sum of ny = Vi +Vy +V’, respectively. As £, acts trivially on Vi
and Xp € Vi, then [@(X¢),Xg] = [¢((Xc)ss), Xa) and [@(Xyc),Xs] = [@((X)c)ss), XB]. There-
fore, because of ker(¢|y, ) = {0}, then [¢((Xc)ss), X8| = —[@(XB), (Xc)ss| = —[@(XB),Xc —
(Xc)y'] and [@((Xy¢)ss), XB) = —[@(XB), (Xsc) — (Xjc)y]. Taking tildes and substituting these
in (2.25),
3[18'.€1| | = [[1B', Koy l[|* + |8, Roe)w ]|
<2[|#'.ql*

Therefore, S%CD =0forB,C, D € iy. From (2.23), for any B, C € m, S?BCAO =0and S%CNZ =0.

Finally, using (2.24), we get S%OB = SA%,2 sc = U and consequently S = 0. Indeed, (2.23) has de
expression,

8([B',C],D) + apg(C;, D) = 7(JB)g(X;c, Xp)

and we are in condition of Lem. 2.6.6.

Otherwise, as any homogeneous structure S has a non-zero part Ey in ker(ci2)* C Kp4(V)
and E,, E3, E4 € ker(cyp). Then, the two missing cases to study are S belongs strictly to
K142+4(V) or S is of general type. Because of Lem. 2.6.8, S must be of general type. [






Chapter 3

Reduction of homogeneous pseudo-Kahler
structures by one-dimensional fibers

Homogeneous manifolds are a central object for many mathematical models of physical theories
(for example, linear and degenerate homogeneous structures are related to homogeneous plane
waves, cf. [CL17]). This is especially relevant when the space is also equipped with additional
geometry such as contact or Kidhler. Nevertheless, it is remarkable how little is known about the
relationship of homogeneous structures when there is a map between homogeneous manifolds.
An example of this is the reduction procedure of homogeneous structures, which was first
introduced in [CL15] and where, in particular, the authors analyzed the relationship of the
corresponding homogeneous structures of a fiber bundle equipped with a contact structure over
a pseudo-Riemannian almost-Hermitian base manifold. In this chapter we tackle the dual case,
1. e., fibrations of pseudo-Hermitian over almost contact metric manifolds.

One of the most significant cases of homogeneous structures are those of linear type, that
is, homogeneous structures belonging to the class whose dimension grows linearly with the
dimension of the manifold, see [CC19, Ch. 5]. Linear classes always provide, in the different
geometries where they have been studied, interesting results, starting from the characterization
of negative constant curvature (cf. [TV83, Thm. 5.2]) in Riemannian manifolds, to other
surprising facts in other geometries (see [BGO11] for a survey). In our work, we show that if
the Kdhler manifold has a homogeneous structure of linear type, then the reduced homogeneous
structure is of linear type. Furthermore, as the homogeneous structures of almost contact metric
manifolds are related to the covariant derivative of the fundamental 2-form associated with it,
we prove that the reduced manifold by a homogeneous linear structure is of type Cs & Ce D Ci2
of Chinea-Gonzalez Classification (cf. [CG90]). Besides that, if the one-dimensional Lie group

is proportional to the sum of the two vectors that define each projection to the subspaces
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IC2 & IC4 of the linear homogeneous structure, then the manifold is Sasakian. Moreover, the

reduced manifold is cosymplectic if the sum is zero.

3.1 Almost contact metric manifolds and its homogeneous structures

Let (M, g) be a pseudo-Riemannian manifold with signature (r,s) and Levi-Civita connection
V, equipped with a (1, 1)-tensor ¢, a vector field £ # 0 and the 1-form 1 being its dual with
respect to g such that

0> =—id+n®&, g(9(X),0(Y))=g(X,¥)—en(X)n(Y)

where € = g(§,&) = +1. In this conditions, we say that (M, g,¢,&,n) is an almost contact

metric manifold and we call the fundamental 2-form associated with the contact structure to,

P(X,Y)=g(X,0Y).

In an analogous way to the decomposition of [GH80] for almost Hermitian manifolds, [CG90]
gave a decomposition of the space of (0, 3)-covariant tensors with the same symmetries of the
covariant derivative of the fundamental form (V®) in a fixed point p € M, that is,

C(V) = {(X eVaViaVh: Oc(x,y,z) = —(X()C, ¢y,¢z) +77(Y)0‘(x75a1) +77(Z)O‘(x7)’7§>7 Vx,y,z € V}7

where V = T,M. Recall that the group U(r,s) x 1 characterizes the canonical almost contact
metric structure of RZ*t! defined by &y = e2,,+1 and

) 0
¢0_<0 0)7

Jo being the standard complex structure of R?". That is, U(r,s) x 1 is the subgroup of O(2r +
1,2s) or O(2r,2s+ 1) (depending on the value of €) stabilizing both &) and ¢y. Finally, the

space C(V) decomposes into twelve U(r,s) x 1-irreducible and orthogonal submodules as,
CV)=Ci(V)a - aCn(V)

with explicit expressions given in [CG90] or Thm. A.3.
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Almost contact metric homogeneous structures

Let (M,g,¢,&,m) be an almost contact metric manifold. Then, S is an almost contact metric

homogeneous structure if and only if
VR=0, V§=0, Vg=0, Vd=0, (3.1)

where V = V — § and R is the curvature of V. The condition, Vo = 0, implies that 6(2) =0,
VE =0 and Vi = 0. Moreover, the equation V¢ = 0 is equivalent to V¢ = [S, ¢], but this
condition cannot be easily implemented into the definition of the pointwise space of tensors
S(V) (see (1.17)), V = T,M, since the Levi-Civita connection depends on the metric and
the first derivatives of the metric. However, we still can split this space of linear tensors
under the group U(r,s) x 1. Then, S(V) decomposes into two mutually orthogonal U(r,s) x 1
submodules,

S(V)=8,(V)®S_(V).

with

S+(V) = {S € S(V) : Sx¢y¢z = Sxyz},
S_(V)= {S €S(V): Sxoroz +Sxvz =n(Y)Sxez +N(Z)Sxye }
Note that, S_(V) coincides with C(V) of the previous page. The decomposition of C(V)

into twelve mutually orthogonal and irreducible U(p,g) x 1-submodules is an orthogonal

complement to the decomposition of S, (V) into six, that is:

£
=
I

CS1(V)® -+ &CSe(V)
S(V)=Ci(V)® --- &Ca(V)

where the classifications are given in Thm. A.2 and Thm. A.3, respectively. Cosymplectic
manifolds are an important subcase of almost contact metric manifolds. They are characterized
by the additional condition V¢ = 0 (or V& = 0). Since S_ (V) encodes the symmetries of V&,
a homogeneous structure S belongs to S (V) if and only if the manifold is cosymplectic.

3.2 Reduction of a homogeneous structure

Let w: M — M be a (left) G-principal bundle, where M is a pseudo-Riemannian manifold
with metric g, and the fibres are non-degenerate with respect to g. Suppose that G acts on M by

isometries.



66 Reduction of homogeneous pseudo-Kihler structures by one-dim. fibers

Given p, we consider V;M the vertical subspace at p and HzM its orthogonal complement

with respect to g. As G acts by isometries, the decomposition

is a principal G-connection. This connection @ is sometimes called a mechanical connection for
its relevant role in some problems in Geometric Mechanics (see [MO98]). Furthermore, there
is an unique pseudo-Riemannian metric g in M such that the restriction 7, : H;M — TrpM

is an isometry for every p € M. Obviously, the metric g satisfies,
gX.Y)om=g (X", ¥Y") forallX,Y e X(M),

where X and Y denote the horizontal lift of X and Y with respect to the mechanical connec-
tion. N

Let V be the Levi-Civita connection and S = V — V be a pseudo-Riemannian homogeneous
structure on M invariant under the action of the structure group G. Assume that there is 1-form
B taking values in End(h) such that

Vo = B o.
Then, by [CL15, Thm. 3.7], the reduced tensor field S on M defined by
SxY =m, (Sxn¥™), X, Y € X(M),

is a pseudo-Riemannian homogeneous structure of (M, g).

3.3 Fibrations of pseudo-Hermitian manifolds over almost contact
metric manifolds

Let O be a nowhere vanishing vector field in M. Around any point p € M there exists a
coordinate system (x!, ... ,x™), m = dim(M), in a neighbourhood diffeomorphic to [0, 1]
such that any integral curve of 0 is given by x! = const, ... ,x™~! = const. The vector field is
said to be regular if the domains can be always chosen such that any orbit of 6 intersects them at
most once. For regular vector fields, the orbit space M is a smooth manifold and the projection
7: M — M a submersion (cf. [Pal57]). Furthermore, a regular vector field is said to be strictly
regular if all the orbits are diffeomorphic. If 0 is a complete strictly regular vector field, the
one-parameter group G generated by 6 (G = R or S') acts freely on M and 7: M — M is a
G-principal bundle. If we further assume that M is equipped with a pseudo-Riemannian metric
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g such that g(0,0) = +1 (that is, 6 is non-degenerate so that we can normalize it) and g is

invariant by the group G, then the 1-form
o(v)=¢€g(0,v), veTM,

where € = sign(g(0,0)), is a G-principal connection form in 7 : M — M, a mechanical

connection as we mentioned above.

Theorem 3.3.1. Let (M, §,J) be an almost pseudo-Hermitian manifold and let 6 € X(M) be a
complete strictly regular unit vector field (€ = g(0,0) = +1). We consider that both § and J
are invariant with respect to the one-parameter group G defined by 0. Then, the orbit space

(M,g,¢,E,m) is an almost contact metric manifold, with
gx. v)=g(x".y"), ¢x=m (Jx"), &=m.(J0), (3.2)

for any X, Y € TM, where X" stands for the horizontal lift with respect to the mechanical
connection, and 1) is the dual form of &, that is, n(-) = €g(-, ).

Proof. As 0 acts preserving the metric and the complex structure tensor, we have that the
tensors given in (3.2) are well defined. In addition, J6 being orthogonal to 0, it is horizontal
with respect to the mechanical connection and g(&,&) = g(J/6,J0) = g(0,0) = €. We have to
check that

9> =-Id+n©&,  g(9X,9Y)=g(X,Y)—en(X)n(Y). (33)
fXcét={yeTM: g(Y,&) =0} =kern, then g(X*,70) = 0, which means that J(X*)

is an horizontal vector. Then,

(90 9)(X) = ¢(m.(/X")) =
= . ((m (JXINH) = m (PXH) = —X.

On the other hand, ¢ () = m,(J(EM)) = m,.(JJ0) = —m.(0) = 0, so that both sides of

(909)(&) =—-5+n(5)s

vanish. The first equation of (3.3) is satisfied.
With respect to the second equation, given X € TM, we denote by X’ the orthogonal part of
X with respect to £. Note that, since g(J(X'#),0) = —g(X'"",J0) = g(X’,&) = 0, the vector
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J(X'1) is horizontal. Then

8(9X,97) =g(0(X'+n(X)8),0(Y' +n(¥)E)) =
=g(0(X"),0(Y")) = g(J(X"),J(x'"™"))
=g(x",y") = g(X".Y')
=g(X,Y)—en(X)n ( );

and the proof is complete. [

Remark 3.3.2. On top of the structure on the reduced manifold provided in the previous result,
it is easy to check that the Levi-Civita connection on M associated with g is characterized by

the condition
VxY = (VyuYH), X, Y € X(M).

As we mentioned above, since V® belongs to S_(V), the classification of almost con-
tact metric manifolds in categories other than cosymplectic (Sasaki, trans-Sasaki, Kenmotsu,
etc., see [CGI0])) is equivalent to VP belonging to different combinations of the irreducible
subspaces C, ... ,Cj2 in which S_ (V) decomposes. These subspaces can be organized in a

coarser classification

S_(V)=8-1(V)+S-o(V),

as

S_1(V)=C12CaCaCdCy,
S_o(V)=CsDCe®C7BCyBCo®C1o @ Cro2,

characterized by
S aV)={aeS (V)i axzz =0} = {a € S-(V): axyz = —axproz ),
S_o(V)= {0‘ €S (V): oxyz= n<Y)aX§Z+n(Z)O‘XYé}-

Proposition 3.3.3. In the conditions of Thm. 3.3.1, if (M, g,J) is a Kéhler manifold, then the
quotient space (M, g,9,&,m) is an almost contact manifold such that V® belongs to the class
3,7()(‘/) =C5BCeBCrPCgBCyBCio B Coo.
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Proof. For X,Y,Z € X(M) we have

(Vx@)Y = Vx(9Y) = ¢(VxV) = m(Vin (97)") = m(J(VxY)") =
=, (Vynd (Y =, (J(Vyu Y —eg(VyuY™,0)0)) =
= 7. (VxudY? —eVyui(g(Y",70)J0)

—J(VxuY™) +eg(VyuY",0)J0)).

Since VJ = 0, the first and third terms of the last step above vanish and we get

(Vx9)Y = m (eX (g(Y",70))0) +eg(Y" JO)Vyu0 +£3(Vyud¥? 0)J6) =

=1 (Y)m(Vxn8) +eg(Vxn¥", 0)&

so that
g((VX(]))Y,Z) = W(Y)g(VxHeaZH) + n(Z)g(VXHYHv 9)7
for any vector field X(M). In particular,

g((Vx9)&.2) =n(8)g(Vxn0,2") +1(2)g(Vxu & 6)
=3(Vxu0,Z")+ n(Z)5(VxuJ6,0),

and
g((Vx9)Y,&) =n(Y)g(Vxn6,6™) +1(8)g(VxnY",6)
= n(Y)g(vXHevje)+g(§XHYH76)
= _TI(Y)g(_XHJ_e?e)+g_(vXHYH79)'
Then

n(Y)g((Vx$)&.2) +1(2)g((Vx9)Y.&) = n(Y)5(Vxn6,Z") +1(Z)g(VxuY", 6).

Comparing with (3.4) we finally get

g((Vx9)Y,Z2) =n(Y)s((Vx9)S,Z) +n(Z)s((Vx9)Y, ),

that is V& belongs to S_ (V).

(3.4)
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3.4 Reduction of Kidhler homogeneous structures

Theorem 3.4.1. Let (M, g,J) be a pseudo-Kéihler manifold equipped with a pseudo-Kdihler
homogeneous structure S that is invariant under the group flow G of a complete strictly regular
unit vector field 0. Suppose that N

V=826

where % =V —38, and B is a 1-form on M. Then, the tensor field S on the orbit space M = M/G
defined by
SxY =m, (SXHYH)

is a homogeneous almost contact metric structure on (M,g,¢,&,1) beloging to the class

S (V)®S_o(V). Furthermore, the components S; € S (V) and S—_ g€ S_o(V) of S are

(S+)xyz = Sxovoz
(S—0)xrz =n(Y)Sxez +n(Z)Sxye,

respectively.

Proof. Since the condition %9 = B ® 6 is equivalent to %a) = f - @, we are in the conditions
explained in Sec. 3.2 so that S is a pseudo-Riemannian homogeneous structure. To show that
S is an almost contact metric homogeneous structure, we have to prove that V¢ = 0, where
V=V-S. LetX,Y € X(M) be two vector fields,

o(Vyu¥H) = X (0(r")) — (Vyuo) (") = —B (X" (¥H#) =0

so that, Vyu#Y* is horizontal. Then VyuY* projects to VxY. Following the same steps in
Prop. 3.3.3, we get,

2((Vx9)Y,2) = 1(Y)g(Vyn0,2") +1(2)g(Vyu¥" ,6)

which implies that 64) = 0, taking again into consideration the fact that %XH Y is horizontal.
Now, we decompose Y =Y’ +n(Y)E, Z=27"+n(Z)E and we get

SXYZ - SxHszH
= Sy ynu(zyr +M(Y)Sxn oz +M(Z)Sx vy o
= SXH(Y/)H(Z/)H +7n (Y)S_XHJ_GZH +7n (Z)SxHije.
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Since § is a pseudo-Kihler homogeneous structure

Sxyz = Sxu jiynujizyn + MY )Sxusozn +1(Z)Sxnyn g
= Sx¢voz +N(Y)Sxez +1(Z)Sxye,

which implies that S € S (V) @ S_ o(V). Finally, it is a matter of direct checking that S and
S_ o in the statement satisfy S € Sy (V) and S_ o€ S_o(V). O

Theorem 3.4.2. Let (M, g,J) be a pseudo-Kéihler manifold equipped with a pseudo-Kdihler
homogeneous structure S invariant under the flow group G of a complete strictly regular unit
vector field 8. Assume that S belongs to the class Ko(V) + K4(V), parametrized by G-invariant
vector fields xo and Ya. Then, the component (S_ ) € S_ o(V) of the reduced homogeneous
almost-contact metric structure S of the almost contact metric manifold (M =M /G, g, ¢,&,1)
belongs to Cs5(V) & Ce(V) & C12(V) with projections

(S—0)5)(X,Y,Z) = eo(x) (n(Y)g(X,9Z) —n(Z)g(X,9Y))
(S—0)6)(X,Y,2) = en(mx) (n(Z)g(X,Y) —n(Y)g(X,Z))
(S—0)(12)(X, ¥, 2) = en(X) (n(Y)&(Z, . ) —n(Z)g(Y, 7))
forX, Y, Z €V, where ¥ = x»+ Xa.

Proof. In the expression

(S—0)xrz ="n(Y)Sxez +N(Z)Sxye = N(Y)Sxu soz11 +M(Z)Sxryt o

of the component S_ (V') of S, we apply that S € KCo(V) + K4(V), defined by vector fields x»
and Y4 (see the expressions in Thm. A.1), and we have

(S—o)xrz=n(Y)(e(x",70)5(Z", x)—a(x",Zz")3(J6, %)
+3(xX" J?20)g(JzM, x) —g(x", 77" g(J?0, )
—2g(J*0,z")g(Jx". 1))
+1(2) (8x™,y™)g(76,x) — g(x",70)3(r" 1)
+a(x",ay™)a(?e,x) - g(x™, fze) (7 x)
—2g(JY",70)g(JX", 7)),
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where ¥ = 2o+ 4. = X2 — 2a- As (X", 0) = 0 we get

(S—o)xvz= n)(en(X)g(Z, mx) —en(mx)g(X,Z) +eg(X,9Z)w(x))
+1(Z) (en(m2)g(X,Y) —en(X)g(Y, mx) — €8(X, Y )0 (%))
= eo(x)(MY)s(X,9Z) —n(2)g(x,9Y))
+en(mx) (M(Z2)g(X,Y)—n(Y)s(X,Z))
+en(X)(MY)s(Z,mx) —n(Z)s(Y,m.9)).

One easily checks from expression given in the Thm. A.3, that first, second and third lines of
the last equality belong to Cs(V'), C¢(V) and C12(V) respectively. O

Recall that the Ambrose-Singer condition V¢ = 0 is equivalent to V¢ = [S, ¢] = [S_, ¢].

Hence

(Vx®)(Y,Z) = g((Vx9)Y,Z) = g((S-)x (9Y) — 9 ((S-)xY),Z)
= (S_)xovz + (S-)xvez.

If in addition S_ belongs to S_ o(V), then

(VxP)(Y.Z) = n(¢Y)(S-)xez + NZ(S-)xore +N(Y)(S-)xeoz + NOZ(S-)xye
=N(Z)(S-)x¢ve +NY)(S-)xepz- (3.5)

Proposition 3.4.3. Under the conditions of Thm. 3.4.2, the covariant derivative V® of the
fundamental form of the almost-contact metric manifold (M, g,¢,&, 1) belongs to C5(V) &
Co(V) @ C12(V) with components

(n(z)g(Xv(pY) —U(Y)g(X>¢Z))
Z)g(X,Y)—n(Y)s(X,Z))
Y)g(¢Z, ﬂ*%) - 77<Z)8(¢Y7 ﬂ*X))

S =3 —
—~

forX, Y, Z € X(M), where Y = X2+ Xa-
Moreover, the manifold (M, g, ¢,&,1) is cosymplectic if and only if x = 0.

Proof. From Thm. 3.4.1, the part S_ of the reduced homogeneous structure S in S_ (V') belongs
to S_ o(V) and we can apply (3.5). By means of a straightforward computation, one shows that
the components (S-)(s), (S-)(6) @and (S-)(12) provide the expressions (Vx®@)g), (VxP)(s) and
(Vx®) (1) in the statement, which belong to C(V'), Cs(V') and C12(V') respectively.
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Finally, the three components of V® vanish if and only if 7,y = 0 and w(y) = 0, that is,
x =0. O

Corollary 3.4.4. Let (M,§,J) be a pseudo- Kiihler manifold equipped with a pseudo-Kcihler
homogeneous structure of the class Ky + K4 defined by vector fields ), and x4. Suppose that
X = X2+ Xa is a complete strictly regular vector field, and let G be its flow group. Then the
orbit manifold (M =M /G, g,¢.E,n) is Sasakian.

Proof. The vector fields iy and x4 satisfy Vga = Vs = 0 (cf. [BGO11]) so that ¥ = 2 + X4
satisfies the conditions of Thm. 3.4.1. From Prop. 3.4.3, since 7,y = 0, we have that V&
belongs to the class Cg, which is equivalent to being Sasakian ([CG90]). O]

Theorem 3.4.5. Let (M, g,J) be a pseudo-Kéihler manifold equipped with a pseudo-Kdihler
homogeneous structure S invariant under the flow group G of a complete strictly regular unit
vector field 6. Assume that S belongs to the class Ko(V) + K4(V), parametrized by G-invariant
vector fields ¥ and X4. Then, the component (Sy) € S1(V) of the reduced homogeneous
almost-contact metric structure S of the almost contact metric manifold (M =M /G, g, ¢,&,1)
belongs to CS2(V) ®CS4(V) &CS6(V), and its expression is

(S-i-)(XaY?Z) = g(X7Y)g(va) —SW(XW(Y)S’(Z,P) _g(X7Z)g(Y7p)
+en(X)n(Z)g(Y,p) +8(X,0Y)2(9Z,p) — g(X,0Z)g(9Y,p)
—28(9Y,2)g(9X,p) +2en(X)0(%)g(¢Y,Z),

forX, Y, ZeV, where x = ya+ x4, X = 22— xaand p = . —n(mx)§, p = m —n(m)E.

Proof. In the expression,
(St )xvz = Sxovez = Sxjymjzn = Sxy'z

of the component S (V) of S, we apply that S € K5(V) + K4(V), defined by vector fields x>
and x4 (see the expressions in Thm. A.1), and we have

(Sp)xrz= gx",y™ez" m.y)—ax",2Mg(y"™, m.x)
+g(x", JY’H (T2 ) — (X", T2 g (Y  m.x)
— 25y, 2" g (Jx" m.3) =
= g(X,Ye(Z mx) —8(X,Z)e(Y', mx)
+8(X,0Y)8(0Z, mx) — 8(X,0Z)g(9Y, m. %)
—28(¢Y,2") (¢(9X,m %) —en(X)o (%))
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We use that g(Z', m.x;) = g(Z,pi), g(@Y,m.xi) = g(9Y,pi), g(9Y,Z') = g(9Y,Z)and we
get

(S-i-)XYZ: g<X7Y,)g<Z7p>_g<X7Z/>g(Y7p)
+8(X,0Y)g(¢Z,p) — (X, 9Z)g(¢Y,p)
—28(¢Y,Z)g(9X,p) +2en(X)w(%)g(¢Y,Z).

Finally, taking into account that g(X,Y’) = g(X",Y), g(X,Z) = g(X',Z), X' =X —n(X)&, we

get the given expression. ]

Corollary 3.4.6. Let (M, g,J) be a pseudo-Kiihler manifold equipped with a pseudo-Kdihler
homogeneous structure S invariant under the flow group G of a complete strictly regular unit
vector field 0. Assume that S belongs to the class Ko(V) + K4(V). Then the reduced homoge-
neous almost-contact metric structure S of the almost contact metric manifold (M,g,9,&,m) is
of linear type.

Proof. This result is a consequence of Thm. 3.4.2 and Thm. 3.4.5. U



Chapter 4

The Ambrose-Singer theorem for general

homogeneous manifolds

This chapter presents a generalization of the results in Sec. 1.3 to the case of homogeneous
spaces in a broad sense, that is, independently of the presence of a pseudo-Riemannian metric
on the manifold (see Thm. 4.1.2 below). More specifically, we here give a characterization
of reductive and homogeneous spaces equipped with a structure defined by a tensor (or a
set of tensors), not necessarily associated with a metric G-structure, through the existence
of a complete connection satisfying certain conditions of the Ambrose-Singer type. With
homogeneity, we understand that a Lie group acts transitively and leaves the tensors invariant.
For the local version of the results, we can drop again the topological conditions on the manifold
as well as the completeness of the connection. This will enable us to have only the so-called
notion of AS-manifold. In that case, reductivity must be defined carefully (in particular, we
follow some ideas in [Luj15]) and we show that every reductive locally homogeneous manifold
in the broad sense can be equipped with an Ambrose-Singer connection. As a particular
instance of our result, if one of the tensors is a pseudo-Riemannian metric, we recover all the
traditional Ambrose-Singer theorems in the literature.

Since all these previous characterizations live in the realm of pseudo-Riemannian geometry,
the manifold is always equipped with a background connection. Thus, considering the affine
structure of the space of all linear connections, the AS-connections can be regarded as (1,1)-
tensors called homogeneous structure tensors. From this starting point, we apply our main result
to the case where the (non-necessarily metric) manifold is also endowed with an additional
arbitrary linear connection. For this connection, the (local) transformations are assumed to be
affine. We thus generalize homogeneous structure tensors to non metric situations. This line
of thought had been followed, from an infinitesimal point of view, in [Op098] and, recently,

[BT21], where some non-metric homogeneous spaces with connection were tackled.
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4.1 A generalization of the Ambrose-Singer Theorem

Let G be a Lie group acting transitively on a smooth manifold M. Choosing a point pg € M, we
can identify M with G/H where H C G is the isotropy subgroup of pg. Note that M need not
be pseudo-Riemannian and G is not necessarily a group of isometries. The manifold is said to
be reductive homogeneous if there is a Lie algebra decomposition g = h & m for certain vector
subspace m C g such that Ad,(m) =m, VA € H. In this case, the subspace m can be identified
with T,,)M through the map m — T,()M, X — % ’t_oexp(tX )Po-

The action of G on M naturally lifts to the frame bundle £(M). It is well known that there
is an unique connection in £(M), that is, an unique linear connection V such that for every
reference u at p € M and for each X € m, the orbit exp(¢X) - u is horizontal. This is called the
canonical connection of the reductive decomposition g = f & m. This connection satisfies the

following important result.

Proposition 4.1.1 ([CC19, Prop. 1.4.15]). Let M = G/H be a reductive homogeneous manifold
equipped with the canonical connection V and let K be an invariant tensor field on M with
respect to the action of G. Then VK = 0.

In this work, a n-dimensional manifold M with a geometric structure is understood as
a manifold equipped with a tensor or a set of tensors Pj, ... ,P., r € N. This definition is
initially more relaxed than the classical notion of geometric structure in the literature (see for
example [MLO04]). More precisely, a traditional approach defines a geometric structure as a
reduction of the frame bundle through a canonical model linear tensor Py € (®°(R")*) ® (®'R")
in R”. If L is its stabilizer by the natural action of GI(n,R) on (®"(R")*) ® (®'R"), a (,1)-
tensor P on M defines a traditional geometric structure with model F if the map

ki L(M) — (@ (R")) @ (@'R")
defined by

k(u)(vi, ... ,vg, Q, ... ,0p) = P(u(vy), ... ,u(vy), (u*)_l(al), ,(u*)_l(al)),

takes values in the GI(n,R)-orbit of Fy. In particular, the subset Q = k~!(Py) C L(M) is
a L-reduction of the frame bundle. Essential examples of this situation cover the (pseudo-
)Riemannian, Kéhler, complex, symplectic or Poisson manifolds, among others. Note that some
of these examples are metric, in the sense that one of the tensors P, is a (pseudo)-Riemannian

metric, but some other instances are non-metric.
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Theorem 4.1.2. Let M be a connected and simply-connected manifold and let Py, ... ,P, be

tensor fields defining a geometric structure on M. Then, the following statements are equivalent:
1. The manifold M = G/H is reductive homogeneous with G-invariant tensors Py, ... ,P,.

2. The manifold M admits a complete linear connection V satisfying:

VR=0, VI'=0, VP=0 i=1,...,r (4.1)

where R and T are the curvature and torsion tensors of V.

Proof. Suppose M = G/H is a reductive homogeneous manifold with G-invariant tensor fields
Py, ... ,P.. If V is the canonical connection associated with the reductive decomposition, it is
well-known that the canonical connection leaves invariant R and 7', that is VR = 0, VT = 0.
We also have VP, = 0,i=1, ... ,r, from Prop. 4.1.1. The completeness of this connection
comes from [KN63, Ch. X, Cor. 2.5].

Conversely, let V be a complete connection on M satisfying VR =0, VI =0, VP, =0, i =
1, ... ,r. We fix a frame ug € L(M). Let (P(uy) — M,Hol(ug)), P(ug) C L(M), be the
holonomy bundle of the connection V. To simplify the notation, we denote P(up) by P and the
subgroup Hol (up) by H. We will denote by b the Lie algebras of H and H.

We now proceed by parts.

A construction of a complete distribution on P:

On the one hand, if we choose {A], ... ,A,,} a basis of h, the associated fundamental vector
fields {A}, ... ,A},} on P are complete. On the other hand, for the canonical basis {ey, ... e,}
of R”, the standard vector fields on £L(M),

B(el):Bl, B(en):Bn,

are complete on £(M) since V is a complete connection (see Prop. 1.1.25). Recall that, for
n € R”, the standard vector field B(n) is the only horizontal vector field on P such that
6(B(n)) = n, where 8 is the soldering form on L(M). Note that, since V restricts to P and
each B; is horizontal with respect to it, these standard vector fields are tangent to P C L(M).
Hence {A}, ... ,A% By, ... ,B,} span a complete distribution on P.
The structure coefficients of the generating vectors are constant:
We have

ALAT = [ALALS,  [A7.B] = B(Ax(er)):
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We now check that [B;, B;] has constant coefficients. We denote by @ the connection form

associated with V. The curvature and torsion of @ are denoted by Q and @, respectively. Then,

®(Bi7Bj) = _9<[Biij]) eRY,
Q(B;,Bj) = —w([B;,Bj]) € b.

Hence, the splitting [B;, B;] = [B;, B;]" + [Bi, B;]" with respect to @ can be written as
[Biij] = B(e([Bth])) + w([Bi7Bj])* = _B(®(Biij)) - (Q(Bi7Bj))*'

For every horizontal vector X € T, P (see [KN63, Ch. III, Prop. 5.2]) we have

where X, X;, X, X € Ty(,\M are the projections of X, B;, Bj, By, respectively. Then ©(B;, B;)
and Q(B;, Bj)ey are constants and hence [B;, B| is a combination of {A], ... A, Bi, ... ,B,}
with constant coefficients.

M is a homogeneous space:

Let G be the universal covering of P and let p: G — P be the covering map. The vector
fields A_;; and B; on G projecting to A} and B; are complete and the coefficients of the brackets
are constant. Hence, ([TV83, p. 10, Prop. 1.9]), given a chosen point e € p_l(uo), we can
endow G with a structure of Lie group with neutral element e and such that the Lie algebra g of
G is generated by {(A})., (B;).}. As [A},A}] = [Ax,A;]*, we can consider the Lie subalgebra
go C g generated by {(A}).} and let Gy C G be the associated Lie subgroup to go.

Lemma 4.1.3. The manifold M is diffeomorphic to G/Gg and hence it is homogeneous.

Proof. The map my =mwop: G — M is a fibration of M. We take its exact homotopy sequence:

. —>H1My —>H0( (y),b)—>HOGb

where b € G and 7 (b) =y. We infer that ITo(; ' (y),b) = 0, that is, ;' (y) is connected.
Since 7 is continuous, we obtain that it is closed as well. Finally, by the equality 7 (A_; ) =0,
we can deduce that the fibres are isomorphic to Gy and closed.
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We define

p: G/G()—>M
[b] — 71 (D).

This map p is well-defined. Indeed, if we take a fixed point by € Gy and we express it as
bo=exp(Y1)- ... -exp(¥;), with ¥y, ... .Y, € {m.(A7) = 0}, then we have 7(b-bg) = (D),
for all b € G. Furthermore, p is a diffeomorphism since it is bijective and its differential is a
linear isomorphism at each point. The injectivity can be obtained from the fact that 7~ L(y) is
isomorphic to Gy, where surjectivity is straightforward since p and 7 are both surjective. [

The structure tensors are invariant and M is reductive:

Lemma 4.1.4. For any a € G, the lift L,: L(M) — L(M) of the map

Lo:M—M
[b] — [a- b]

restricts to the reduction bundle L,: P — P.

Proof. Let L, be the left multiplication on G by a € G. Note that L, o 7 = 7 oL,. Then

(La)* o ﬂl*(E)b = T 0 (L ) (F)b = ﬂl*(E)alﬂ

and
aP (b) = (La([D]): (La)s« 0 T14(B1)p, -- - (La)+ © T1s(Bn)s)
= ([abl; ( Dabs -+ s T1(Bn)ab)
=p(ab) €
Hence,
La(p(b)) = p(ab)

[]

Since P is included in the reduction of £(M) defined by the tensors Py, ... ,P,, we have that

L, preserves them.
On the other hand, P is a Lie group. The action of G on P introduced in the previous Lem. 4.1.4

is transitive, since L,(p (b)) = p(ab), and also effective because it is constructed by linear
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transformation. In particular, the Lie algebra of P is isomorphic to the Lie algebra of its
universal covering G, through the isomorphism (p, ) in the neutral element.

Finally, we have g = go & m, where m is the subspace generated by {B;}, which clearly satisfies
[g0, m] C m. Since Gy is connected, we have the Ad invariance of m, and the proof of Thm. 4.1.2
is completed. |

Remark 4.1.5. The case with no geometric structure on M (r = 0) was treated in [KN69,
Ch. X, Th. 2.8] or [Kow80]. There, the authors characterized connected and simply connected
reductive homogeneous manifolds M = G/H by the existence of a complete connection V such
that VR =0, VT = 0. Thm. 4.1.2 thus provides the generalization of this result to manifolds
endowed with additional structures (r > 1).

Definition 4.1.6. Let (M,P;, ... ,P;) be a manifold equipped with a geometric structure
defined by a set of tensors Py, ... ,P.. A connection V is called a generalized Ambrose-Singer
connection if it satisfies that:

VR=0, VI=0, VB=0, i=1,...

where R and T are the curvature and torsion of V.

For short, a generalized Ambrose-Singer connection is called an AS-connection, and the
manifold M, equipped with the tensors Py, ... , P, is called an AS-manifold.

We note that Thm. 4.1.2 generalizes the Ambrose-Singer Thm. 1.3.3 on Riemannian
manifolds (M,g) by setting r = 1 and P; = g. In this case, the AS conditions (4.1), that
is, VR = 0, VT = 0, @g = 0, are known to be equivalent to the more classical conditions
VR =0,VS =0,Vg =0, where S =V — VLC, and R is the curvature of the Levi-Civita
connection VEC. We now show that this equivalence can be analysed from a broader perspective
for manifolds equipped with a fixed connection for which the transitive group action is via

affine transformations. More precisely, we have the following result.

Theorem 4.1.7. Let M be a connected and simply-connected manifold with an affine connection
V and let Py, ... ,P, be tensor fields defining a geometric structure on M. Then, the following

statements are equivalent:

1. M is a reductive homogeneous space M ~ G /H, the group G acts by affne transformations

of Vand Py, ... ,P, are G-invariant.

2. The manifold M admits a complete linear connection V satisfying:

VR=0, VI =0, V§=0, VP=0 i=1,...,r
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where R and T are the curvature and torsion of V.and S =V — V.

Proof. Let G C Aff(M,V) be a group acting transitively on M and preserving P, ... ,P.
Additionally, G preserves the tensor S = V — V. Hence, by Thm. 4.1.2 we have that

VR=0, VI=0, V§S=0, VP=0, i=1,...,r
which are equivalent to

VR=0, VI'=0, VS§S=0, VP=0 i=1,...,r
by the following observation,

TxY —TxY = SxY —SyX, Rxy = Rxy +[Sx,Sy] + S5y

Conversely, by Thm. 4.1.2, we have that there exists a Lie group G preserving S, Py, ... ,P,.
Every transformation of G on M preserves S and is an affine transformation of V. Hence, G

preserves S+ V = V which means they are affine transformations of V. [

Remark 4.1.8. In particular, Thm. 4.1.7 covers the case of Riemannian homogeneous manifold

VLC

when r = 1, P| = g the metric tensor and V = is the Levi-Civita connection. In that case,

the preservation of g implies the affine nature of the transformations.

Definition 4.1.9. Let (M, Py, ... ,P,) be a manifold equipped with a geometric structure defined
by a set of tensors P, ... , P, together with an affine connection V. A homogeneous structure
is a collection (M, Py, ... ,P,,V,V) such that

VR=0, VT =0, VS=0, VP=0, i=1,....r

where S =V — %, and R and T are the curvature and torsion of V respectively. For short, we

call § a homogeneous structure tensor.

In particular, homogeneous structures of VX are the classical Riemannian homogeneous
structures.

Recall that, in Rmk. 1.2.5 we consider one tensor K = (P, ... ,P,) instead of a set of
tensors. Consequently, in following sections we adopt this notation for a set of tensors and
results are analogous.
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4.2 Reductive locally homogeneous manifolds

The conditions involved in Thm. 4.1.2 are of three different types. First, there is a group of
partial differential equations expressed as the vanishing of some covariant derivatives. Second,
the completeness of the AS-connection. And finally, a couple of topological conditions (con-
nectedness and simply-connectedness) of the manifold M. Connectedness is not an issue, since
one usually works with connected components. With respect to simply connectedness, even
though essential, it is a condition that can be implemented by working with the universal cover
of the manifold, and then projecting the structures back to the original space. The projection
will probably imply that the space is locally homogeneous only, but locally isomorphic to
the global homogeneous cover. The completeness, however entails more delicate information
since non-complete AS connections may induce locally homogeneous manifolds that are not
locally isomorphic to homogeneous spaces. In the Riemannian case, we already introduced the
classical result (see Thm. 1.3.6).

However, if one wants to move forward, the generalization to pseudo-Riemannian manifolds
with signature implies the understanding of the notion of reductivity in the local case. That
construction was recently achieved in [Luj15]. We generalize below the definition of reductive
locally homogeneous manifolds with not necessarily metric structure, and we also characterize
these manifolds through a transitive Lie pseudo-group and an AS-connection.

Let G be the Lie pseudo-group that acts transitively on (M, K) and preserves a geometric
structure defined by a tensor or a set of tensors K = (Py, ... ,P,). Thatis, (M, K) is a locally
homogeneous manifold, see Def. 1.2.6. In order to define a reductive locally homogeneous

manifold, we have to know:
* The meaning of isotropy representation related to pseudo-groups.
* The meaning of adjoint function.

We again fix a frame ug € L(M) over pg € M. We define G(py) as the set of transformations
for which pg belongs to the domain of ¢ and G(po, po) C G(po) the set of transformations such
that @ (po) = po. The quotient H(po) = G(po, po)/ ~ with respect to the relation ¢ ~ y <=
¢|v = y|u for some neighbourhood U of py, is a Lie group (cf. [Acc21, Ch. 1]). We say that
the action of G on M is effective and closed if the map

H(p()) — GL(I’I, R)

. (4.2)
(p — LtO ¢] (p* e} MO
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is a monomorphism and its image H(ug) is closed, respectively; in particular, H(ug) is a Lie
subgroup of GL(n,R). The morphism (4.2) will be called the isotropy representation of G on
(M,K).

Proposition 4.2.1. The action of G on M is effective if and only if for every ¢, ¥ € G such that
©(po) = Y¥(po) and Q. p, = Wi p,, We have @ = in an open neighbourhood of p.

Proof. 1t is obvious that if we have the second condition then we have an effective action.
Conversely if @, y € G are such that ¢(pg) = W(po) and @, p, = Wi ,, We have yop ! €

H(po), wo @ (po) = po and (yoo 1), , = Idz, m. Then, yo ¢@~! =1dy in an open

neighbourhood of py. [

‘We now consider

P(ug) == {(p* oup: R" — T(p(pO)M: (XS g(po)} (4.3)

This bundle is a reduction of (£L(M) — M,GL(n,R)) to the group H(up).

Proposition 4.2.2. Let ug, u; € L(M) be two frames on py and p; € M respectively, and y € G
with y(po) = p1. Then,
P(ul) :P(UO)g7

where g is the element in GL(n,R) such that Wyup = u1g~ .

Proof. We define the homomorphism o : H(py) — H(p1), ¢ — wo @ oy~ !, For the sake
of simplicity, we also denote by ¢: H(up) — H(u;) the induced homomorphism by the
identification (4.2). It is a matter of checking that R, : L(M) — L(M) induces a principal
bundle isomorphism between P(ug) and P(u;) with associated Lie group homomorphism
c. [

In particular, the groups H(ug) and H(u|) are always isomorphic. Because of this, we may
simply write H for any H(uy).
Given an element ¢ € H(py), we define

Ad(pi TMOP(M()) — TMOP(M())
d

d —1
Jr| o (@)(wo) — ) (@o@o@ ). (uo)

where ¢, € G, t belonging to certain interval (—¢, €).

Definition 4.2.3. Let (M,K) be a manifold with a geometric structure. We will say that

(M, K) is reductive locally homogeneous manifold if there exists a Lie pseudo-group G acting
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transitively, effectively and closed on M, and we can decompose TMOP(uo) = bh+m, where §j is
the Lie algebra associated with H(pg) and m is a Ad(H (py))-invariant subspace.

The definition depends at first sight on the chosen frame uy. However, this dependence is

not real as the following result proves.

Proposition 4.2.4. Let ug, u; € L(M) be two linear frames. Then T, P(uy) decomposes as
b +my for an Ad(H(p1))-invariant subspace w if and only T,,P(ug) decomposes as b +my
for an Ad(H (po))-invariant subspace .

Proof. Given the decomposition T,,P(ug) = b+ my is such that Ad(H (po))e(mo) C mp, we
write T, P(u1) = h+m; with m; = W, mg, where ¥ = R, oy, and y € G is such that Y,ug =
ug~" and g € GL(n,R). The subspace m; is Ad(H(p))-invariant. Indeed, for any element
x=4 Z_O((p,)*(uo) € mg and ¢ € H(py), we have that

Y. (Ad(H(po))p(X)) =
d
T dtlh
_d
T dtli=0
d

=il
= AAH()) gy (| (Vo 90w™)alun))
= A(H(p1) gy (¥ (X)),

:()Rgo (yogogop oy, OR;(RgO Wi (up))
Ryo(yopo@op oy '), oR, (u)

(yopoy toyogoyloyop oy ™), (1)

]

Now we give a local version of Thm. 4.1.2 above. Furthermore, it provides a generalization

of Tricerri’s result Thm. 1.3.6.

Theorem 4.2.5. Let (M,K) be a differentiable manifold with a geometric structure K. Then

the following assertions are equivalent:

1. The manifold (M,K) is a reductive locally homogeneous space, associated with the Lie

pseudo-group G.

2. There exists a connection V such that:
VR=0, VI=0, VK=0,

where R and T are the curvature and torsion of V respectively.
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Proof. Given a Lie pseudo-group G acting transitively on (M, K) in a reductive fashion, let
(P — M, H) be the principal bundle associate to the structure of reductive locally homogeneous
space as in (4.3), for a fixed frame uy € £(M). We define a horizontal distribution D in P by
D, =Y¥,.(m), ¥ = y,, for the unique ¥ € G such that y, (ug) = u, where T,,,P = h+m is the
reductive decomposition. The distribution D is also H-invariant, that is, given Y = W.(X) € D,,,

d

X € m, we have that (Rp,)«(Y) € D,.j,, for h € H. Indeed, we write X = & [:O(QD,)*(MQ) and,

by (4.2), h = ual o @, o ug for certain @ € H(pg). Then

(Ri)-() = (Ryo®).(X) = | Ruowo(@).(u)
d

~dr
_d
Cdt

—i o) o _1( )o o
= tzoll/* Q0 Q, (Pr)sx© P OUp

= (V0 @.)« Ad(H(po)) -1 (X).

Yo (@)oo 0 p.ow)

Y, o ((Pz>* o @« ougy
t=0

As Ad(H(po))y-1(X) € m by reductive condition, and y o ¢ € G we get the invariance. This
means that D can be understood as a linear connection V.

We now show that
VR=0, VI=0, VK=0.

For p, g € M, let y be a path connecting them. The horizontal lift ¥ with respect to V from
u € P, tov € P, can be regarded as the parallel transport 7,M — T, M. But since v = Y,u, for
an element ¥ € G, we have that the parallel transport is exactly y,. We have that y, preserves
K and the connection V (and hence, its curvature and torsion) by construction. Therefore, K, R
and T are invariant under parallel transport and their covariant derivatives vanish.

Conversely, given a linear connection V such that VR =0, VI’ = 0, VK = 0, let G be its Lie
pseudo-group of local transvections. Since VK = 0, the elements of G preserve K. Furthermore,
see [KN63, Vol. I, p. 262, Cor. 7.5], G acts transitively.

To finish the proof we only have to show the reductive condition. We consider the holonomy
reduction (P(ug) — M ,Hol (ug)) of the frame bundle associated with V and an element
uy € L(M). We first prove that G(pg) acts transitively on P(ug), being po = m(ug). Given
v € P(ug), there exists a horizontal curve connecting uo with v. The projection to M of that curve
can be regarded as a parallel transport from pg to ¢ = 7(v) that, in addition, preserves curvature
and torsion. Hence by [KN63, Vol. I, p. 261, Thm. 7.4] there exists a local transvection
v € G(po) from pg to g such that v, is that parallel transport. Therefore, ¢, (ug) = v and
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G(po) acts transitively on P(ug). By construction, P(ug) (see (4.3)) coincides with P(ug). In
particular, I-/I\o/l(uo) = H(up) which is closed and the effective condition it is satisfied because
Prop. 4.2.1.

Finally, if we consider T;,,P(uo) = b 4 m, where m is the horizontal distribution of V at uy.
To prove that m is Ad(H (po))-invariant, take X = 4 [_0((p,)*(uo) €em, @ € G(po) such that

©(po) = poand h = ual o (@~ 1. oup € H(up). We consider,

Ad(H (po))g(X) = —| _ @.0(@)-0 0. " (o)

—1 —1
:_t_o(p*o((pt)*ouoouo oQ, Uy

= 2| R0 (91)-(0) = (Ry© 9.).(X).

Hence, (R; o ¢.).(X) belongs to the horizontal distribution, because affine transvections pre-
serve the horizontal distribution. []

If we apply this last Theorem in the framework of Thm. 4.1.7 above, we get the following

result.

Corollary 4.2.6. Let (M, K) be a differentiable manifold with an affine connection V. Then the

following assertions are equivalent:

1. The manifold (M,K) is a reductive locally homogeneous space, associated with a Lie

pseudo-group contained in Aff},.(M,V).

2. There exists a connection V such that:
VR=0, VI=0, V§S=0, VK=0,

or
VR=0, VI=0, V§S=0, VK=0,

where R,T and R, T are the curvature and torsion tensor of V and v, respectively, and

S =V —V is the tensor.

Definition 4.2.7. Let (M,K,V) be a manifold endowed with a geometrical structure and an
affine connection V. We will say that (M,K,V) is a reductive locally homogeneous manifold
with V if it is reductive locally homogeneous associated with a Lie pseudo-group contained in
Affje (M, V).
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4.3 AS-manifolds and Homogeneous Structures

The aim of this section is to generalize the Riemannian infinitesimal constructions in Sec.1.3.1
to a general framework (dropping the metric dependence). That is, the Riemannian infinites-
imal models (see (1.10)), Nomizu construction (see (1.12)) and transvection construction
(see (1.13)).

In the previous section, we have proven that locally homogeneous and reductive manifolds
are AS-manifolds, and vice versa. We now study AS-manifolds from an infinitesimal, or even
pointwise, point of view.

Let V be a vector space of dimension n. Let

R: VAV —End(V), T:V — End(V),

be linear homomorphisms and let K be a set of linear tensors on V. We will say that (R, T) is

an infinitesimal model associated with K if it satisfies

TxY +TyX =0, (4.4)
RxyZ+RyxZ =0, (4.5)
Rxy-T=Rxy-R=0, (4.6)
gkxyz +TryZ =0, (4.7)
GRzy, =0, (4.8)
Ryy-K =0, (4.9)

where O is the cyclic sum, and Rxy acts in a natural way in the tensor algebra of V as a
XYZ

derivation. In addition, we say that two infinitesimal models (V,R,T) and (V',R,T’) are

isomorphic if there exists a linear isomorphism f: V — V' such that

fR=R, fT=T, fK=K. (4.10)

This notion of infinitesimal model is a generalization of the one given, see (1.10) and [Nom54;
LT93].

Theorem 4.3.1. Given a point py € M of an AS-manifold (M,K, V), then (V = Ty,M, Ty, R,)

is an infinitesimal model associated with K, where R and T are the curvature and torsion of

V.
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Proof. Let (M,K, 6) be an AS-manifold. It satisfies
VR=0, VI=0, VK=0,

given a point py € M and we recall V =T, M, Ry=R Do Ty = Tpo and Ky = K, hence, (Ro, TO)
is an infinitesimal model. Indeed, we deduce (4.4) and (4.5) from the skew-symmetric definition
of torsion and curvature. Equations (4.6) and (4.9) come from VR = 0, VT = 0, VK = 0.
Finally, equations (4.7) and (4.8) are the Bianchi identities. [

Note that, Thm. 4.3.1 provides an infinitesimal model for every point in an AS-manifold.
Now, we show it does not depend the chosen point pg € M. Indeed,

Theorem 4.3.2. Let (M, K, 6) be an AS-manifold. Given two different points po, p1 € M their

associated infinitesimal models are isomorphic.

Proof. By [KN63, p. 262, Cor. 7.5], there exists a locally affine transformation ¢ sending pg to
p1. Because of being affine, we have that ¢ is a linear isomorphism between 7, )M and T, M
satisfying (,D*T]D0 = Tm and (p,ﬁm = RP]' By VK = 0, we conclude that 0:Kp, = Kp, . O]

Hence, associated with any AS-manifold there exists an unique infinitesimal model up to
isomorphism. Furthermore, when different manifolds have isomorphic associated infinitesimal
models, from [KN63, p. 261, Thm. 7.4] we get the following result.

Theorem 4.3.3. Let (M,K,V) and (M',K', V') be two AS-manifold and let py € M and ply € M’
be two points such that their associated infinitesimal models are isomorphic. Then there exists

a local affine diffeomorphism between py and pjy sending to K to K.
So, we define the notion of AS-isomorphism between AS-manifolds.

Definition 4.3.4. Let (M,K,V) and (M’,K’,V') be two AS-manifold and let py € M and
Pl € M’ be two points. We say (M,K,V) and (M’,K’, V') are AS-isomorphic if there exists a
local affine diffeomorphism between pg and pj, sending K to K'.

From every infinitesimal model (R, 7) on V associated with K, we can construct a transitive

Lie algebra using the so-called Nomizu construction, see (1.12). Let

go =V @ ho, (4.11)
where hp={A €end(V): A-R=0,A-T =0,A-K =0}, equipped with the Lie bracket

[AvB] :AB_BAa A7 B e b()a
[A,X] =AX, A€bhy, X eV, 4.12)
[X,Y]=—-TxY +Rxy, X,YEV.
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Recall that, we can also consider the transvection algebra 96 =V h{,, see (1.13), where %
is the Lie algebra of endomorphisms generated by Ryy with X, Y € V, equipped with brackets
as above. Then we have shown that any infinitesimal model has Nomizu and transvection
constructions.

Two Nomizu constructions (go, ho, 7, R, K) and (gg, b, T’,R',K’) are isomorphic if there
exists a Lie algebra isomorphism F: go — g, such that F(V) =V’, F sends K to K’ and

F(ho) = by,

Proposition 4.3.5. Two infinitesimal models are isomorphic if and only if their Nomizu con-

structions are isomorphic.

Proof. Suppose that V and V' are two vector space with two infinitesimal models (R, 7) and
(R',T'). Then there is an isomorphism f: V — V' which satisfies (4.10). We thus consider
f: g0 — g}, such that fly = f and f|s,(A) = fodAofL

Conversely, given a Lie algebra homomorphism F: gy — g, such that F(V) =V’ and
F(ho) = by, then f = F|y is the isomorphism. Indeed, by definition f sends K to K’ and, taking
into account that F is a Lie algebra morphism, we obtain that f sends Rto R’ and T to 7/. [

Surprisingly, the converse is not true: two different Nomizu constructions could give rise to
the same Lie algebra, see [Luj14, p. 36].

Summarizing, we have proved that there exists a morphism from the class of AS-manifolds
to the class of infinitesimal models. Moreover, every infinitesimal model has associated a
Nomizu construction. Now, we prove the main theorem of the section, which shows that the
morphism is surjective. Note that obviously it can not be injective. The proof of this result for
Riemannian manifolds can be found in [LT93].

Theorem 4.3.6. Let V be a vector space and (Ry,Ty) an infinitesimal model associated with
tensors Ko. Then, there is an AS-manifold M with a geometrical structure defined by the tensor
field K and a point po € M such that

K}, = Ko,

and the curvature R and torsion T of the AS-connection \Y verify that Rpo =Ry and Tpo =To.
Any other manifold satisfying all this is locally affine diffeomorphic to (M, ?)

Proof. From the model (RO,TO) on V associated with Ky, we can construct its transitive
Lie algebra using the Nomizu construction, go =V @ o (see (4.11)). We consider a basis
{e1,...,en} of V and a basis {Aj,...,An} of ho and, respectively, we take its dual basis
{6',...,6"} and {®',...,®™}. Let G be the connected, simply connected Lie group associated
with go. Indeed, the vector elements ¢; and A; and the 1-forms 6’ and w* of go can be regarded
as left-invariant vector fields and 1-forms on G.
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Let¢ = (x', ... ,x"™): U C G— V C R"" be alocal coordinate system defined on a
neighbourhood U of the identity e of G such that,

dx'l,=0'|,, ie{l,... ,n}. (4.13)

We now consider the immersion map f: W C V — G given by

where W is an open neighbourhood of 0 € R". We define,
éi:f*(ei), e~,':f*(€i>, iZl, NN (N

Because of (4.13), the 1-forms 8!, ... , 0" are linearly independent at 0. Then, let M C W be
the open neighbourhood of 0 such that 8!, ... , 8" are linearly independent at each point of M.

We consider @} = Y3, 6°(Ac(e;)) ok and @ its pull back to M. Let V be the linear
connection whose connection form is @ = (cb}) We now consider the pull-back to M of the
extension R, 7" and K of the tensor elements Ry, 7y and Kj to the Lie group G. Note that @
takes values in bhy. Therefore, by definition of b, we have ®(X)-R =0, o(X)-T = 0 and
@(X)-K = 0. Indeed, this last identities mean that V makes parallel R, T and K.

To end, we need to prove that R and T are the curvature and torsion tensors of V. First,

applying the definition of the exterior differential and (4.12), we have that,

. . R .
do'+ wj N0 = 3 .kzl 0 ((To)(ej,en)) 07 A O
j’:

n

Y. 0%((Ro)(eirej en))0" N O,

L 1
i i Ak _
do;+ Z W N\ OF =
k=1 k=1

2 h
If we pull-back these two equations to M, they are the two structural equations for the connection
form . Therefore, the curvature and torsion of V are the tensors whose components in the
basis {60!, ... ,0"} are constants 8'((Ty)(é;,é),)) and 6%((Ro)(&;,é;,é1)), respectively. Finally,
the curvature and torsion of V coincide with R and 7. O

We finally consider the particular case where M is a manifold with a geometric structure K

equipped with a connection V and an AS-connection V such that,

VR=0, V=0, VS§=0, VK=0,
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where S = V — V. So we can consider,
TxY = Txy—l—SxY —SyX, Ryxy= EXY + [Sy,Sx] _STXY'

where R and T are the curvature and torsion of V.

Corollary 4.3.7. Let (M,S,K,V) and (M',S',K’,V') be two AS-manifolds with homogeneous
structures S and S'. Then, there exists an AS-isomorphism between M and M’ if and only if
there exists an affine local diffeomorphism between (M,V) and (M',V') sending S to S’ and K
oK'

Given a fixed point pgp € M, by Thm. 4.3.1, we can consider an infinitesimal model
(TpyM,R,,, Tp,) associated with S, and K,,, with

(TP())XY = ( po)XY + (SPO)XY - (SP())YX7
(RP0>XY (RPO)XY + [(Spo)(SPO)X} + (Spo)(T,,O)XYv

where R, and T),, are the curvature and torsion of V in py.

Corollary 4.3.8. Let (V,R,T) and (V',R',T') be two infinitesimal models associated with S, K
and S', K', respectively, with

TxY = TxY+SXY —SyX, Rxy= RXY + [Sy,Sx] _STXY’
TyY = TyY +SyY —SyX, Ryy =Ryy +[Sy,Sx] — S -
X

Hence, there exists an isomorphism of infinitesimal models if and only if there exists a linear
isomorphism f:V — V' such that,

fR=R, fT=T fS=S5, fK=K. (4.14)






Chapter 5
Symplectic AS-manifolds

As we have explained, see 1.3.2, one major advantage of homogeneous structure tensors is the
geometric information that one can get from their classification (we refer again to [BGO11;
CC19] for surveys collecting the main contributions on this topic). Now we intend to apply sim-
ilar ideas to the constructions of the previous chapter on general homogeneous manifolds, with
classifications of the torsion of the Ambrose-Singer connection or, whenever there is another
background connection, the corresponding homogeneous structure tensors. The achievement
of these classifications shape an ambitious project to be developed in future works (almost
complex, complex, contact, Poisson, etc). To begin with, in this chapter, we start this program
in the case of (almost) symplectic manifolds, where explicit expressions of the classes of
torsion are given. Furthermore, if the manifold is Fedosov (it has a symplectic background
connection) the classification is given for homogeneous structure tensors. The relationship
between both points of view is analyzed. This instance is purely non-metric and the classical
results of [Kir80] cannot be applied, as we show below.

In all the known cases in the literature, the classifications of homogeneous structure tensors
have some classes whose dimension grows linearly with respect to the dimension of the
manifold. As we have already said, these are the so-called classes of linear type, and they
usually provide exciting geometric characterizations (see, again, [BGO11; CC19]). Taking
inspiration from these facts, we tackle the study of classes of linear type of Fedosov manifolds
in the last section of this chapter. In this case, again, the geometric result is remarkable as
it characterizes Hamiltonian (locally) homogeneous foliations of leaves which are flat with
respect to the symplectic background connection. We provide two low-dimensional examples,

leaving the study of higher-dimensional homogeneous Fedosov manifolds for future research.
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5.1 Symplectic manifolds and Fedosov manifolds

An almost symplectic manifold (M, ®) is a differentiable manifold M equipped with a non-
degenerate 2-form, @. Additionally, if @ is closed, then it is called a symplectic manifold.
As it is well known (see [AP15, Thm. 2.1]), the closeness condition is equivalent to the

existence of a torsion free and symplectic connection V, that is,
Vo=0, T=0,

where T is the torsion of V. Nevertheless, this connection is not necessarily unique as it is the
Levi-Civita connection. Finally, a Fedosov manifold (M,®,V) is a symplectic manifold with a

torsion free and symplectic connection.

5.2 Invariant Sp(V, ®)-submodules of S’V* @ V* and A2V* @ V*

Let (V, m) be a symplectic vector space. Based on the classifications given in [AP15], we give
below explicit expressions of the invariant Sp(V )-submodules of S2V* @ V* and A2V* @ V*.
For that, we identify a symplectic vector space V and its dual V* by

():V—V"
X—X*(Y)=0(X,Y).

Furthermore, we can transfer the symplectic form to V* as o*(X*,Y*) = o(X,Y), that is, we
regard (V,®) and (V*, ®*) as symplectomorphic.
For the sake of simplicity, from now on, we denote wxy = @o(X,Y).

Theorem 5.2.1. Ifn > 2, the space of cotorsion-like tensors has the decomposition in irreducible
Sp(V)-submodules as
SVQV* =81 (V)+8(V) +S3(V)

where,
Si(V) = {S €SPV @V*: Sxyz = wzy Oxy + Wzx0yy, U € V},
S(V) = {S eSSV @Vt OSyyz =0,s13(S) = 0}’
S3(V) = {S e S?v* QV*: Sxyz = szy} = S3v*,
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and

agE

513(8)(2) = (Seizei+n - Sei+nzei) )

1

for a symplectic base {ey, ... ,en,eni1, ... yean}. If n=1, then S’V*@V* = S (V) + S3(V).
The dimensions of the subspaces are

~.

dim(S,(V)) =2n, dim(Sy(V)) = g(n3 —n), dim(S3(V)) = (2”; 2).

Proof. Given a symplectic basis {ej, ... ,en,ent1, ... ,€2,} of V, we define the morphisms
Q: SV RV — V*
(Uju; V) — @y, yits + Wy, U7,
T SZV* ®V* N S3V>k
1
(uju, @u*) —> gu*u”fué,
and

U —

n
* ok * * * *
2n+lzlelu ®el+l’l_el+nu ®el
1=

By [AP15, Thm. 1.1], applied to (V*, ®*), we decompose
VRV =SV 4 A +V*

where A" = ker(¢) Nker(x) and V* is isomorphic to im(§). We define S;(V) :=V*, S(V) :=
A’ and S3(V) := S3v*,

For the explicit expression of S;(V), given W* € V* we have

* 1 <
SWH)xyz = il <Z XitnOWYZi + YignOWXZi — XiOWY Zi+n —yz'wWXZi+n>
i=1
1

= m (wzx Owy + Ozy Owyx) -

Hence, taking U = ﬁW, we get the required result for Sy (V).
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With respect to the explicit expressions of S>(V), for

1 2n
S = > Z Seiejeke;ke; Rey € SV RV,
ij k=1

we have

1 2n
o(S) = B Z Seiejek(P (e;'ke}k' ®elt)
i,j,k=1
2n
Z Seiejek (a)eieke}f + a)ejeke:-‘)
i,j.k=1
2n 1

- Z 5 (Seiejek +S€jeiek) weiekej'

|
—_— — —_ *
- Z D) (S€i€j€i+n Sejeiei+n S€i+n€j€i Sejei+nei) €j

2n n
o *
=2 Y (Seieeirin = Serineses) €-

~

I
—_

I
—_

* k%

Hence, S € ker ¢ if and only if s13(S) = 0 as in the statement. Moreover, %ei eier = e?‘e; ®e;+
ee; ®e;+eje; e and therefore

n(S)xyz = gSXYZ;

so that we have the expression for the tensors in S;(V). The dimensions come from [AP15,
Thm. 1.1]. O]

Now, using these expressions we are going to give the explicit classes of torsion-like tensors.

Theorem 5.2.2. If n > 3, the space of torsion-like tensors has the decomposition in irreducible
Sp(V)-submodules as

NV RV =TI(V)+T(V)+T3(V) +Ta(V)
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where

Ti(V) = {T ENV*QV*: Tyyz = 20xy 0zy + Oxz0yy — Oyz0xy, U € V}7
T(V) = {T ENVIRVE: gfxyz =0, tin(T) = 0}7

(V)= {T ENVFQV*: Tyyz = wxy @uz + Oyz0ux + Wzx Oyy, U € V},
Ta(V) = {T ENV*QV*: Tyyz = —Txzy, () = 0},

and

N

t12(T)(Z) =Y Teernz:
i=1

for a symplectic basis {e1, ... ,en,eni1, ... ,ean}. fn =2, then N>V*@V* =T (V) +T2(V)+
Ta(V). If n =1, then N2V*@V* = T{(V).
In addition,

dim(7;(V)) =dim(T3(V)) =2n, dim(T2(V)) = g(n3 —n), dim(Ta(V)) = %n(an —3n-2).
Proof. For a symplectic basis {ej, ... ,en,eni1, ... ,e2,} of V, we define the morphisms
Ar: SBVEQVF — ATV RVF
(ujuy V) — VAUl @us + v Aus @uj,
C: NV RV — V*

(U] Ny @ V) = @yyy V" + Oy U3 + Duyyt],
and

n: v — AV*
* - * * *
u »—>Ze,~ Nej, N .
i=1

By [AP15, Thm. 1.2], applied to (V*, ®*), we decompose

/\ZV*®V* :Vl*+A/+V2*+T/
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where, Vi = A5(S1(V)), A’ = Ay(S2(V)), T' = kerCNA3V* and V5 = Im(n) is the vector
space such that V' C A3V* and V5 + 77 = A3V*. We define 7,(V) := V}, Th(V) = A,
T3(V):=V5 and Ta(V) =T
First, as
A2(S)xyz = Syzx — Sxzy, (5.1

we get the expression for the tensors in 71 (V) in view of the expression of S1(V) in Thm. 5.2.1.
Indeed, by equation (5.1), we infer the explicit expression of T;(V).
To study the explicit expression of 75 (V'), we have to consider the following exact sequence,
[AP15, Eq. (1.3)],

0 — S3V* A 2y o v A2 A2y g v Ay 3y

where A| = m and A3 (u] Au;y @v*) = uj Aus Av*. Note that, uf Aujy Av' = uj Aui @v* +v* A
u] @ us +us Av' @uj, hence,
A3(T)xyz = gfxyz

Therefore, 7§(V) is generated by Txyz = Syzx — Sxzy with S € S?V*®V* and s13(S) =0.
The first condition is equivalent to 7' € ker(43), or equivalently, S 7xyz = 0. The second

condition is equivalent t5(7) = O straightforwardly. For the explicit expressions of T4(V),

given
B 1 2n B )
T=3 Y, Tocje€i NE; Qe € NVEQVE,
i,j k=1
we have
1 2n
T\ 2 * * *
C(T) == E Z TgiejekC(ei /\€]®€k)
i,j k=1
1 2n
_ T * * *
- E Z Teiejek (we,-ejek + wekeiej + wejekei )
i,j k=1
1 2n 2n 2n
_ ‘A * 2 * ‘A *
- E Z Te,'ejek we,-ejek + Z Te,-ejek a)e‘ke‘iej + Z Te,-ejek wejekei .
i,j,k=1 i,j,k=1 i,j,k=1

By reordering the indices, we group the three summations in only one,

1 2n
T = 5 Z eejek + Teke iej + Tejeke,) we,ejek
k=1
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Thus, we apply that {ey, ... ,ez,} is a symplectic basis,
_ 2n n 1 .. N N . _ N
C(T) = Z E (Teiei+zz€k + T€k€i€i+n + T€i+n€k€i - Tei+n€i€k - TekeiJrnei - Teiekei+n) elt

~
I
—_
-
Il
—_

I
gl
=

A T A *
(T6i6i+nek +Teeier, T T€i+nekei) €-

=~
I
R
-
Il
—_

Therefore, for T € A3V*, C(T) = 0 is equivalent to t;(T) =
Finally, with respect to the explicit expressions of 73(V), given U* € V* with dual element
UeV,

MU =Y & Aefy, AU

- I

(ef Nef, @U +U* Nef @€}, + e, N\U ®@e]),

i=1

evaluating in X, Y, Z, we infer,

= zn‘i ((xi)’i+n — XitnYi) Ouz+
im
+ (@uxYitn — OuyXitn)(—2i)+
+ (—x;jyy — (—yi)wux)zz'+n)
= OxyWyz + WyzWOyx + Wzx Oyy
Therefore, 73(V) has the claimed form. 0
Remark 5.2.3. We have the following sums
s TIV)+T(V)={T € NPV*@V*: ngyz =0},
« BV)+Ta(V)+W ={T e A2V*@V*: t(T) =0},
e T3(V)+Ta(V) = A3VH,
s (V) +Ta(V)={T € N2V *@V*: t15(T) = 0,t;3(T) = 0}.

Where,

W= {T % RV*: TXYZ = WxyWzy —n@OxzWyy +n@yz0xy,U € V}
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and

n
t13<T)(Y) = Z (Te,’Ye,-_,_n - Tei+nYei)
-1

The first two come directly from the expressions of the classes in the previous Theorem
and the fact that W is the linear subspace of 7>(V) + T3(V) whose elements vanish for t;5.
With respect to the third identity, we note that Idy« = ﬁC o1, so that we can decompose
AV* =kerC+Imn = T3(V) + T4(V). The last identity is a consequence of the fact that t;3

vanishes on 75(V) + 74(V) and does not vanish on W.

5.3 Classifications for almost symplectic and Fedosov AS-manifolds

5.3.1 Almost symplectic AS-manifolds

We now want to classify the infinitesimal models in the case of vector spaces V endowed with
a linear symplectic tensor K = . If (V,R,T) and (V/,R',T’) are two infinitesimal models
associated with symplectic linear tensors @ and @', respectively, with dimV = dimV’, since
there are symplectomorphisms between V and V’/, we can identify V' with V and @’ with .
From (4.10), isomorphisms f : V — V of almost symplectic infinitesimal models satisfy

fR=R, fT=T, fo=o,

and in particular f € Sp(V, ) = Sp(V). If we decompose curvature-like or torsion-like tensor
spaces in Sp(V )-irreducible submodules, then we get a necessary condition to be isomorphic
as models, by virtue of Thm. 4.3.3, also as AS-manifolds.

For the classification of the torsion 7" into Sp(V)-classes, we will work both with (1,2)-

tensors and (0, 3)-tensors given by the isomorphism
TXYZ = (TxY,Z) , X, Y, ZeV.

Let (M, @) be an almost symplectic AS-manifold. We denote by 7 the set of homogeneous
almost symplectic torsions, that is, the torsions of an AS-connection on (M, ®). Given any
po € M, from Thm. 4.3.1, (V =T, M ,RPO,TPO) is an infinitesimal model associated with
p,- Thus T, € A2V ®V, and the classification given in Thm. 5.2.2 gives us the following
decomposition

T=T+T+T+T
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where

13

I
~
m
=

: Txyz = 20xy Wzy + Oxz0vy — Oyz0xy, U € %(M)},

: GTXYZ = 0, t12<T) = 0}

XYz

13

13

w
I
~
m
=

: Txyz = Wxy Ouz + Qyz0yx + @zx0yy, U € 3€(M)},

 Txyz = —Txzy, tio(T) = 0}-

i

[\)
Il
— A A
~
m
=

~
I
~
m
=

Definition 5.3.1. Let 7 € T, T # 0 be a homogeneous almost symplectic torsion. It is said to
be of rype i (resp. type i+ j or i+ j+k) if T lies in 7; (resp. Ti+T;or Ti+T; +Tp).

Almost symplectic AS-manifolds may thus belong to sixteen classes defined by its torsion

tensor.

Theorem 5.3.2. Let (M, ®) be an almost symplectic AS-manifold. Then, (M, ®) is a symplectic
manifold if and only if the torsion ofﬁ lies in T + 7.

Proof. If (M, ) is a symplectic manifold, there is a torsion-free symplectic connection V
(see [AP15, Thm. 2.1]). The difference S=V —Visa (1,2)-tensor such that TxY = SyX — SxY.
Then Txyz = Ay(—S) = Sxzy — Syzx, where Syyz = ®(SzX,Y) and Txyz = 0(TxY,Z). In
particular, T lies in 77 + 7>.

Conversely, if T lies in 77 + 7>, then there exists at least one tensor S € S’T*M Q T*M,
such that, Txyz = Syzx — Sxzy. We can consider the tensor SxY with ©(SzX,Y) = Sxyz. It
follows that 7xY = SxY — SyX with a)(TXY, Z)= Txyz and S preserves the symplectic form.

The connection V = V — S is symplectic. [l

5.3.2 Fedosov AS-manifolds

We now want to study infinitesimal models associated with a linear symplectic tensor @ and
a homogeneous structure S as in Cor. 4.3.8. Let (V,R,T) and (V',R’,T’) be two infinitesimal

models associated with (1,2) linear tensors S and §’, respectively, with

TxY = TxY +SxY —SyX, Rxy = Rxy +[Sy,Sx] — Sz,v,
Ty = TV S-Sy, Ry = Ryy + (5554 — Sy
X

and also associated with symplectic linear tensors @ and @', respectively, with dimV = dimV’.

Since there are symplectomorphisms between V and V’, we can identify V with V/ and @ with
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®'. Therefore, by (4.14), there is a linear isomorphism f: V — V such that,
fR=R, fT=T, fS=5, fo=o, (5.2)

and in particular f € Sp(V,®) = Sp(V). If we decompose cotorsion-like, curvature-like or
torsion-like tensor spaces in Sp(V)-irreducible submodules, then we get a necessary condition
to be isomorphic as models, by virtue of Thm. 4.3.3, also as AS-manifolds.

Let (M, ®,V) be a Fedosov manifold (dimM = 2n), that is, a symplectic manifold equipped
with affine and torsion free connection such that Vo = 0 (cf. [GRS98]). Let S=V — V be a

homogeneous structure tensor, i. €.,
VR=0, V§=0, Vo=0.

Since Vo = 0, the second condition is equivalent to S - @ = 0. We will work with S both as a

(1,2)-tensor and a (0, 3)-tensor by the isomorphism
Sxyz = (D(SzX,Y>.
The condition S- @ = 0 is equivalent to

Sxyz = Syxz

thatis, S € S*T*M @ T*M.
From Thm. 4.3.1, given py € M, we can consider the infinitesimal model (V = Ty M, R ,, Tp,)

associated with S, and @, with

(TPO)XY = ( po)XY+ (Spo)XY - (SPO)YX7
(Rpo)XY (RPO)XY + [(Spo>Y7 (Spo)X] - (Spo)(Tpo)Xw

where R, and T, are the curvature and torsion of V at pg and S, € S2V* ®V*. We denote by
S the set of homogeneous structures on a Fedosov manifold (M, w,V). Hence, by Thm. 5.2.1,
we have the following classification of homogeneous structure tensors in Sp(V)-invariant
subspaces:

S=851+85+8;s,
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where

S1= {S €8 : Sxyz = Wzywxy + 0zx vy, U € %(M)}a

S = {S €S: ngyz =0,s13(5) = 0},

Sy = {S €S: Sxyz :SXZY}a
and .

513(8)(Z2) = Zi (Sez‘Zei+n - Sei+nZei) )
iz

for a symplectic basis {ey, ... ,en,€nt1, ... ,e2,} of TpyM.

Definition 5.3.3. Let S € S § # 0, be a homogeneous Fedosov structure. It is of type i if S lies
in S; and correspondingly it is of type i+ j if S lies in S;+S; with 7, j € {1,2,3} and i # j.
Hence, Fedosov homogeneous structure are classified into eight different classes.

Remark 5.3.4. In [Vai85] the author gives a decomposition of the curvature tensor of a sym-
plectic connection in two Sp(V)-irreducible submodules: Ricci type and Ricci flat. Hence, by
virtue of (5.2) and Thm. 4.3.3, there are four different classes of symplectic curvature tensor of
Fedosov AS-manifolds. We can combine this idea to refine the classification in Def. 5.3.3 to

get as many as thirty-two different classes of Fedosov AS-manifolds.

With respect to the classification of homogeneous structures in Def. 5.3.3 and the classi-
fication of torsions 7 0 AS-manifolds in Def. 5.3.1, we have the following result which is a

consequence of the expression of A, in (5.1).

Proposition 5.3.5. Let (M, ®,V) be a Fedosov manifold equipped with homogeneous structure
S.

o IfS € Sy, then the torsion T of V.=V — S belongs to T;.
o IfS €Sy, then the torsion T of V.=V — S belongs to T.
o IfS € S, then the torsion T of V. =V — S vanishes. The manifold M, 0, 6) is a Fedosov

manifold with parallel curvature.

5.4 Fedosov AS-manifold of linear type.

Let (M, ,V) be a Fedosov manifold equipped with an AS-homogeneous structure S, that is

VR=0, Vo=0, VS=0,
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for§=V V.
Definition 5.4.1. A homogeneous Fedosov structure S in (M, @, V) is said to be of linear type
if it belongs to the class Sy, that is

SxY =0(X,Y)E—o(Y,8)X, (5.3)

for a vector field § € X(M).

As we noticed in the metric setting, these are called of linear type because of the dimension

of the class S| grows linearly with the dimension of the manifold.

Theorem 5.4.2. A Fedosov manifold (M, ®,V) admitting a homogeneous structure tensor of

linear type does not admit any pseudo-Riemannian metric such that S-g = 0.

Proof. Let 1 be a vector such that w(n,&) = 1. Let g be a pseudo-Riemannian metric such
that §- g =0, that is

0= g(SXY7Z) +g(Y7SXZ)
=0(X,Y)g(¢,Z) - oY, 5)s(X,Z2) +5(Y,8)o(X,Z) — g(Y,X)0(Z,3).

TakingY =Z =n we get g(X,n) =g(n,&)o(X,n). We then get g(n,X) =0 for X = £ and
for X € {v: w(v,&) = 0}, which is impossible since g is not degenerate. O

Remark 5.4.3. This last theorem shows that homogeneous structure tensors on Fedosov mani-
folds can never be studied under the perspective of Kiri¢enko’s Theorem as they are genuine

non-metric homogeneous objects.

We fix the notation of curvature and torsion tensor fields associated with one connection V,

RxyZ =V x y)Z—Vx(VyZ) +Vy(VxZ),
TxY =VyY — VyX — [X,Y],

for the curvature, we will work both with (1, 3)-tensors and (0,4)-tensors given by the isomor-
phism,
Rxyzy = (I)(nyZ,U), XY, Z,UeTM.

Proposition 5.4.4. The condition VS = 0 is equivalent to VE = 0.
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Proof. Substituting (5.3) in (VxS)(Y,Z) = Vx(SyZ) =S¢, yZ— Sy(VxZ), we get

(VxS)(¥,2) = Vx (0(Y,2) ~ 0(Z,8)Y)

—o(VxY,2)E +a(Z,E)VxY
—o(Y,Vx2)E +o(VxZ,E)Y

= X (0(Y,2))§ + 0(Y,2)VxE — X (0(Z,8))Y — 0(Z,§)VxY
—o(VxY,Z)E +o(Z,E)VxY
—0(Y,VxZ)E& +w(VxZ,E)Y.

Using X (0(Y,Z)) = o(VxY,Z) + o(Y,VxZ) (that is Vo = 0), we collect the columns and we
get
(Vx$)(Y,Z) = o(Y,Z)Vx& — 0(Z,VxE)Y.

If VxS = 0, then Vx¢& is proportional to any vector field ¥, and hence Vx& = 0. Conversely, if
Vx& = 0, then, we substitute in the previous equation and get VxS = 0. ]

In particular, the vector field & defining a homogeneous structure satisfies

Vxé: = ng = (I)(X,é)g (54)

Following the ideas of classifications of homogeneous structures of linear type in the
pseudo-Riemannian case (see [CC19, Ch. 5]), we study the curvature and Ricci tensor of V.

Proposition 5.4.5. Fedosov AS-manifolds of linear type satisfy,
Rexyz = Oxe Oy OzeRee e 11, (5.5)
Rxyuw = <—(DXY — Qg Ly Wye + ngYwX§> Oy OeReereier (5.6)
— OxeRyg gy — OyeRe i xyw
forevery X, Y, U, W € TM and any £+ € TM such that o(E+,&E) = 1.
Proof. From (5.4) and the fact that the torsion of V vanishes, we get

Rxy§ = o([X,Y],8)8 — Vx(a(Y,¢)E) + Vy(0(X,5)S)
= 0(VxY,§)§ —o(VyX,g)e —X(a(Y,5))S +Y(o(X,5))S.
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As Vo = 0, this last expression simplifies to Rxy& = —o(Y,Vx&)E + o(X,Vy&)E which,
again by (5.4), gives

Rxy§ =0, (5.7)
together with
RexY = ReyX, (5.8)
from the first Bianchi identity.
As Rxy - @ = 0, then,
Rxyzu = Rxyvz. (5.9)

The condition VR = 0 (that is, VxR = SxR) reads

(VxR)yzuw = —Rsyy zuw — Ry syzuw — Ryzsyuw — Ryzu syw -

Applying the second Bianchi identity, we get

0 :g (—Rsyvzuw — Ry syzuw — Ryzsyuw — Ryzu syw)
:g (—(UXYRz:ZUW — WxzRygyw — OxuRyzew — OxwRyzye

+0y e Rxzuw + Wz Ryxuw + OyeRyzxw + OweRyzux) |

which by virtue of (5.7), (5.9) and the first Bianchi identity reduces to

0=G (oxrRezyw + OxeRyzuw) - (5.10)
Choosing Z = £, we have
OxeReyyw = OyeRexuw- (5.11)

If we choose X = £+ in (5.11), then, we get Reyyw = @yeReg 1y, using symmetry of (5.9)
and applying equation above we have Rgyyw = @yg@WygRee g1y, and proceeding in an
analogous way, using (5.8) and (5.9), we conclude (5.5). Substituting Z = éL in (5.10) and
using (5.5), we get (5.6). L]

Remark 5.4.6. Equation (5.10) can be refined using (5.5),

0=6 <a)Xya)Z§ Oy e wngééj_éj_é’J_ + (ngRYZUW) .

XYz

We now proceed by parts to prove the main result of this section (see Thm. 5.4.9) which
characterize Fedosov AS-manifolds of linear type in terms of a foliation of Hamiltonian leaves

of codimension 1.
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Lemma 5.4.7. The distribution D = {X € X(M) : ®(X,&) = 0} is an integrable distribution.

Proof. GivenX,Y € D, we have
o([X,Y],§) = o(VxY.§) — o(VyX.§).
As Vo =0, then
o([X,Y],8) =X (0(¥,8)) — oY, Vx&) Y (0(X,§)) + o(X, VyE).
Finally, because of (5.4),
o([X,Y],§) = —o(X,5)o(Y,¢) + oY,§)o(X,§) =0.

Hence, the distribution D is integrable. ]
Lemma 5.4.8. The vector field & satisfies the following properties,

1. It is a geodesic vector field with respect to V.

2. Its flow preserves the symplectic form.

Proof. The first statement comes from (5.4), that is, Vgﬁ = (. With respect to the second item,
using V@ = 0 and that V is torsion free, for X, Y two vector fields

(ﬁga))(X7Y) = a)(VgX,Y)—a)(VgX,Y)—a)(X,VéY)
+(D(X,V§Y>—|—CO(VXg,Y)—|—(I)(X,VYg)
=0X,5)o(S,Y)+oX,5)oY,§) =0,

which means that the flow of & preserves the symplectic form. U

Theorem 5.4.9. Let (M, ®,V) be a connected and simply-connected Fedosov manifold endowed
with a homogeneous structure S of linear type. Let & be the vector field associated with S.
Then:

* the manifold is foliated by the leaves H = c(, co € R, where H is the Hamiltonian defined
by the Hamilton equation ic ® = dH,

* the connection V restricts to the leaves and in particular, the leaves are totally geodesic

submanifolds,

* the leaves are flat manifolds.
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Furthermore, if in addition V. =V — S is complete, M is Fedosov homogeneous.

Proof. As M is simply-connected, the invariance of @ with respect to & gives the existence of
a function H : M — R solving the Hamilton equation i@ = dH. For any X € D, we have
dH(X) = o(&,X) = 0, so that H is constant along the leaves of D. For X,Y vector fields
tangent to the distribution, ®@(VxY,&) = X(@(&,Y)) + @(VxE,Y) = 0, and the connection
restricts to the leaves. Finally, the curvature of V vanishes along the leaves by (5.6). ]

The local version of this last result is straightforward.

Theorem 5.4.10. Let (M, ®,V) be a Fedosov manifold endowed with a homogeneous structure
S of linear type. Let & be the vector field associated with S. Then:

* the manifold is foliated by the leaves locally defined by a Hamiltonian H of the Hamilton
equation ié o =dH,

* the connection V restricts to the leaves and in particular, the leaves are totally geodesic

submanifolds,
* the leaves are flat manifolds.
Furthermore, M is locally Fedosov homogeneous.
We finish with two examples of Fedosov homogeneous structures of linear type.

Example 5.4.11. Let M = {(x,y) € R?: x > 0} be the half-plane endowed with a Fedosov
structure defined by the symplectic form @ = 317dx Ady and the connection V given by the
following non-vanishing Christoffel symbols

4 2 2
I, =—— I2,=— [ =——.
11 3 2= 30 21 3x
We consider the vector field p
é = xa_})?

and the tensor field
SxY = xy& — ayeX.

One can check that
Vo=0, T=0 VR=0 VS=0,

where R is the curvature of Vand V =V — S, that is, S is a homogeneous structure of linear
type as in Thm. 5.4.10. The manifold M is foliated by the leaves ({x = constant}) defined
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by the Hamiltonian H(x,y) = 5 log(x), the connection V restricts to the leaves, and they
are totally geodesic and flat. Furthermore, since the vector fields xd /dx and & = xd /dy are
complete geodesic vector fields of V, this connection is complete and M is homogeneous
Fedosov manifold as in Thm. 5.4.9. With respect to the group acting transitively on M, it turns
out that R = 0. The Nomizu construction (4.11) gives M = G, with G = Aff(1)o the connected
component of the identity of the group of affine transformation of R.

If, instead, we consider 5

I =-=

11 x’

as the only non-vanishing Christoffel symbol, and (for the sake of convenience with the
computations) @ = édx/\ dy, we again get that (M, @, V) is a homogeneous Fedosov manifold

of linear type as in Thm. 5.4.9 with & = xd/dy. In this case, one can check that

Rénn = _257 Réné =0,

with 1 =xd /dx+yd/dy. The algebra g = span{&,n ’Rén} built from the Nomizu construction
is the Lie algebra of the three dimensional Lie group acting on M such that M = G/H with
H ~ R. One checks that, following the convention of [BiaOl, p. 2194], the Lie algebra g of G
is the Lie algebra of type Bianchi VI, with real parameter 4 = 2.






Chapter 6

The Ambrose-Singer Theorem for
cohomogeneity one Riemannian manifolds

The Tricerri-Vanhecke program was exclusive for pseudo-Riemannian geometry. However,
in Ch. 4 and Ch. 5, we learnt that these techniques can be applied to non-metric frameworks,
such as symplectic homogeneous manifolds. This opens the door to thinking about new
generalizations of the Ambrose-Singer Theorem for non-transitive actions.

A cohomogeneity one action on a Riemannian manifold is an isometric action whose
principal orbits are hypersurfaces. Thus, the action is non-transitive. If a group acts on a
Riemannian manifold with cohomogeneity one, we say that such a manifold is a cohomogeneity
one manifold. These are precisely the objects of study in this chapter. Techniques based
on cohomogeneity one actions have successfully been used to find examples of interesting
geometric structures, such as manifolds with positive curvature, Einstein metrics, or Ricci
solitons.

The aim of this chapter is to initiate a line of research, analogous to Tricerri-Vanhecke’s
program, adapted to cohomogeneity one Riemannian manifolds. This objective is pursued by
achieving the following goals.

In Sec. 6.2, we characterize connected, simply-connected, and complete cohomogeneity one
Riemannian manifolds by the existence of a geodesically complete linear connection satisfying
certain geometric covariant derivative equations. This connection is called cohomogeneity one
AS-connection. Analogous to the transitive framework, we introduce the difference tensor
S =V —V where V is the connection under consideration and V is the Levi-Civita connection.
This is called the cohomogeneity one structure. Afterwards, in Sec. 6.3, we relax the topological
conditions and characterize locally cohomogeneity one Riemannian manifolds, that is, we

assume that there is a Lie pseudo-group of isometries acting on the manifold whose principal
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orbits are hypersurfaces. The existence of cohomogeneity one structures describes the nature
of being a locally cohomogeneity one manifold.

Following the program of [TV83] or [CC19], but with a non-metric perspective, i. e., we
pursue the line of work developed in Ch. 5. Sec. 6.4 decomposes the space of the tensor elements
of cohomogeneity one structures in SO(n)-irreducible submodules. This decomposition yields
four submodules for cohomogeneity structures. One is the homogeneous structure in the leaf;
therefore, we can scrutinize the cohomogeneity one Riemannian action by examining the
projection onto this submodule. Another is the second fundamental form of the leaves.

In Sec. 6.5, we give a formula for the cohomogeneity one structure constructed in the main
theorem of Sec. 6.2. Afterwards, we study the uniqueness of this cohomogeneity one structure
depending on the action. Finally, Sec. 6.6 is dedicated to giving examples of cohomogeneity

one structures in the Euclidean space and the real hyperbolic space.

6.1 Cohomogeneity one Riemannian manifolds

We now give a brief introduction to cohomogeneity one Riemannian manifolds. We refer the
reader to [BCO16] for an introduction to cohomogeneity one actions.

Let (M,g) be a Riemannian manifold and let G be a Lie subgroup of the Lie group
Isom(M,g) of isometries. The action of G may be non-transitive. According to the notation
in [AA93], we say that (M, g) is a Riemannian G-manifold. The orbit space of pis G- p =
{f-peM: f e G} and the isotropy group at pis G, = {f € G: f-p = p}. The orbit space
is an immersed submanifold and the isotropy group is a subgroup of G. In particular, if G acts
transitively, so G- p = M, then (M, g) is a Riemannian homogeneous manifold. Until now, we
have studied transitive actions. From now on, we assume that the action is non-transitive.

Let (M, g) be a Riemannian G-manifold and let (M’, ") be another Riemannian G’-manifold.
These two are isomorphic if there exists an isometry F: (M,g) — (M’,g') and a Lie group
homomorphism ¥ : G — G’ such that F(f - p) = y(f) - F(p).

The space of orbits of the G-manifold is the quotient M /G := M/ ~ with respect to the
relation p ~ ¢ if and only if ¢ = G- p. For example, we consider the flat torus (T2, g) with the
G = R action given by

R x T2 — T2

(t,[x,y]) — [x+t,y+At], AeR.

For this action, if A € Q, then M /G is homeomorphic to S'. Otherwise, if A € R — Q, then
M /G is not even Hausdorff. In this case, the orbits are immersed non embedded submanifolds.

In general, this type of orbits makes the study of the action extremely difficult.
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This obstruction is overcome by assuming the isometric action to be proper. An isometric

action G on (M, g) is proper if and only if

GXM—MxM
(f,p) — (p,.fp)

satisfies that the preimage of any compact set of M x M is compact in G x M. For proper
actions, the space of orbits is Hausdorff and each orbit is an embedded, closed and compact
submanifold. From now on, assume that M /G is connected and each orbit is an embedded and
closed submanifold.

Definition 6.1.1 ([Pal61, Def. 2.1.1]). Let (M,g) be a Riemannian G-manifold and H is a
closed subgroup of G. A submanifold X of M is a slice of p € M if:

1. pe k.
2. G-Xis an open subset of M.

3. There exists an G-equivariant map F : G-X — G/H such that F~! (eH) = £, where e

is the neutral element of G.

In particular, if the action is proper then there exists a slice at each point, see [Pal61,
Thm. 2.3.3]. The main consequence of the existence of slices is that we can define a partial
ordering in some classes of the space of orbits. Two orbits G- p and G - g are of the same type
if G, and G, are conjugate. This is an equivalence relation and the class [G - p] is called the
orbit type at p. We say that two classes are ordered as [G - p] < [G - ¢] if and only if there is a
Lie subgroup in G, conjugate to G,. There is an unique largest type of orbits and these orbits

are called principal orbits. We have that:
* The dimension of each principal orbit is maximal;
* The union of principal orbits is an open and dense subset in M.

If an orbit is of maximal dimension, but non-principal, then it is exceptional. If an orbit has

lower dimension that principal orbits, then it is singular.

Definition 6.1.2. A Riemannian G-manifold (M,g) is a cohomogeneity one Riemannian
manifold if the principal orbits are hypersurfaces.
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6.2 Characterization of cohomogeneity one manifolds: global version

A Riemannian manifold (M, g) is said to be a regular cohomogeneity one Riemannian manifold
if there is a group of isometries G C Isom(M, g) such that M /G is connected and every orbit is
orientable, embedded, closed and principal of codimension one. If the action of a subgroup
G C Isom(M, g) is proper, and the codimension of a generic orbit is one, then the subset of

principal orbits is a regular cohomogeneity one Riemannian manifold.

Lemma 6.2.1. Let (M,g) be a connected Riemannian manifold equipped with a vector field
EH£O0. Let V be an affine connection such that,

VE=0, Vxg=0, T(X,Y)eD, VX,YeD,

where D = {X : g(X,E) =0} and T is the torsion of V. Then, the distribution D is integrable

and the leaves are totally geodesic submanifolds with respect to V.

Proof. We take two vector fields X, Y such that g(X,£) =0 and g(Y, &) = 0. Taking derivatives
of these expressions, and using Vyxg = 0 and VE = 0, we have that

0=g(VyX,8) +5(X,Vy) =g(VyX,E),  0=g(Vx¥.£)+g(Y,Vx&) =g(VxV.8).

Then g([X,Y],&) =g(—T(X,Y),&) = 0 so that D is integrable. From the Frobenious Theorem,

we have a foliation whose leaves are orthogonal to the vector field &. [

Theorem 6.2.2. Let (M, g) be a connected, simply-connected, orientable and complete Rie-

mannian manifold. Then the following two are equivalent:
(1) (M,g) is a regular cohomogeneity one Riemannian manifold.

(2) There exists a complete linear connection V and a vector field & with g(&,&) =1, such
that, 3 . .
VR=0, VI =0, V&E=0,

3 3 6.1)
Vxg=0, T(X,Y)eD, VX,YeD,

where D = {X : g(X,&) =0} and R and T are the curvature and torsion of V. Further-
more, the maximal integral leaves of the distribution D (it is integrable according to
Lem. 6.2.1) are embedded and closed.

Proof. The proof of (1) implies (2). Let G be a Lie group of isometries of M acting on M in
such a way that the orbits define a cohomogeneity one foliation.

Since M is orientable, any orbit admits a unit normal vector field &.
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Lemma 6.2.3. For any p € M, the geodesic exp(t&),) intersects all the leaves of the foliation
orthogonally.

Proof. Since M is complete, there is a minimizing geodesic 7 starting at p and reaching any
orbit O at a point g € O such that y(0) = p and y(b) = q. Let g be the Lie algebra of G, for B € g,
we consider the family of curves 7 (¢) = e "8y(t). Then, ¥.(t) = —€B) )+ (L,e8)+Y (t) and

(% (1), %(1)) = €°8 (B}, ). B, 1)) — 268(By, ) (Le-ren) Y (1)) +8(¥ (1), (1))

On the one hand,

g(B;;S(t)a (Le’teB)*’)/(t)) = g(B;(t)a /}/(t)) = 8(327 '}/(O))7
where the last identity is due to the fact that

d

58(3*() V(1) =g(VyB",Y) =0,

since B* is Killing (and thus, VB* is skew-symmetric). Then the variation of the energy of the

geodesic Y is

b b
[ o0h0). 700 = [ By B, et 2028, Y 0) + [ o/ @), @)

which can be smaller than the energy of y(¢) for small €. This contradicts that y is minimizing.
Thus, g(Bj,,7(0)) =0, i. e., ¥(0) is orthogonal to T,,(G - p).

Therefore, 7 is the geodesic defined by £,. And since we have checked that g(B;‘/( o Y (1))
is constant along ¥, we have that y intersect all the leaves orthogonally. ]

Now we consider the differentiable map ¢: R x (G- p) —> M defined by

¢ (8- p) = expg.,(t&p).

From the lemma above, this map is surjective. On the other hand, since G sends geodesics to

geodesics and g- &, = &,., because G-orbits are principal, we have that
g oq)=(g-q), Vq€G-p.
In particular, since all orbits are principal (and thus, all isotropy groups are conjugate),

Isotg(p) = Isotg(¢:(p)),
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where the isotropy Isotg(g) of ¢ € M is the Lie subgroup {h € G: h-q = q}.

The vector field & initially defined on G- p only, can now be extended to M by simply
taking derivatives of d¢/dt, t € R. This is well defined since if we had g = ¢, (p) = @, (g p)
with

a(Pt(p) (tl) — _&(Pt(gp) (tZ)

ot ot 6.2)

then
<P@(P) = ‘P@(g'l?) =g <P@(P),

that is, g € Isotg(@: -+, (p)) = Isotg(p). But the uniqueness of geodesics would make (6.2)
impossible for g- p _ p-

The orbits of & are all of the same type. There is thus a group A = R or S and we have a
transitive action on the left

(AXG)xM—M
((¢r,8),p) — @ (g-p) =g @ (p).

Let Isot(p) = {(¢,8) € AX G : ¢(g-p) = p} denote the isotropy of p by the action
of A X G. The subgroup D ={t € A: ¢/(p) € G-p} C A is closed and it is generated by
the smallest ¢ such that @y,(p) = g - p. Therefore, Isot(p) = L((¢y,,g" ")) + Isotg(p) where
L((¢ry,g7 ")) is the subgroup generated by (¢y,,g ') in A x G and Isotg(p) is the isotropy
group of p by the action of G. As L((¢y,,g~")) is discrete, the Lie algebra Isot(p) is the Lie
algebra b of Isotg(p). We have that [h,a] = 0 because G leaves & invariant.

Since each orbit is a reductive homogeneous manifold, then we have a connection in every
leaf such that the geodesics of the connection are the curves exp(¢X) - p for every X € m and
p € M. Moreover, there is a decomposition a + g = h + (a +m) and the subspace a+ m is
Ad(Isotg(p))-invariant. We have that ¢, o L,-1 is a global diffeomorphism preserving & and the
horizontal distribution defined by the connection above, i. e., the subspace m is Ad((p,O oLg71 )-
invariant. It follows that M is a reductive homogeneous manifold, and the canonical connection
V associated with the reductive decomposition above (see [KN63, Vol. 2, Ch. X]) satisfies

VR=0, VT =0.

Since the Lie group A x G leaves & invariant then VE = 0 (see [CC19, p. 39, Prop. 1.4.15]).
To show that Vyg = 0 for all X € D, we consider, for X € m, the curve ¥(¢) = exp(tX) - p.
Since Prop. 1.2.12, the parallel transport along the curve ¥ is the linear map given by the
differential (Lexp(tX))*: T)M — T,(zM . As this map preserves the metric, we have that
Vyg = 0. Finally, if we take X, Y two vector fields tangent to the leaves, since Vxg =0,
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we have 0 = g(VxY, &) +g(Y,Vx&) = g(VxY, ). Hence the leaves are totally geodesic with
respect to V and therefore g(T(X,Y),&) =0.
The proof of (2) implies (1).

The completeness of V together with conditions VR = 0, VI = 0 and V& = 0 implies
(see Thm. 4.1.2) that M is a homogeneous manifold M = G/H, with reductive decomposition
g = h+m, Vis the canonical connection and the vector field & is G-invariant. The Lie group
G that acts transitively and effectively on M = G/H is the Lie group of transvections of V
(see Thm. 1.2.13). Since Vxg = 0, for X € D, g is invariant along parallel transport by curves
orthogonal to &.

Let g be the Lie algebra of G with reductive decomposition § = b +m. We can identify m
with T,5M via, y(X) = % - exp(tX)-eH. As a consequence of this identification, we can
endow m with a Riemannian metric structure g given by g(X,Y) = g|.5(wX, yY). Then, we
can consider the subspace

m={Xecm: gX,y &)=0}cm

and the subalgebra
b =span{[X,Y];: X,Y € m} C b.

The algebra g = h 4+ m is a Lie subalgebra of §, and b is a Lie subalgebra of . By Prop. 1.2.12,
the geodesics of V starting from eH have the expression exp(tX)-eH forall X € mand all 7 € R.
Indeed, parallel transport along such a geodesic is given by the differential map (Lexp(,x))*.
Since Vxg = 0, the transvection map Ley,;x) is an isometry of M. From X, Y ],-) = Ryy =
[Vx,Vy] — Vixy] and Vxg = 0, we conclude Rxy - g = 0. In particular, the transvection map
Lexp(e11) associated with each H € b is an isometry. Moreover, as Rxy - § = 0 and Ryy - g =0,
then m is an h-module of g and every leaf is a reductive Riemannian homogeneous manifold.

Let G be the connected Lie subgroup of G associated with g C §. According to the above
paragraph, G is a group of isometries of M.

Lemma 6.2.4. M is a cohomogeneity one foliation of principal orbits associated with the

action of G.

Proof. The Lie group G preserves every leaf since its action preserves g and &, and G is
connected. Since M is a connected homogeneous space, any two points p, g € M can be joined
by a broken geodesic of V such that each geodesic is an integral curve of & or a 6—geodesic ina
leaf (we are using here connectedness of M). Then, there exists Lg = Lg, 0@, 0 ... oLy 0@y,
with m € N, L,, € G and ¢ the flow of £ such that L,p = ¢g. As & is invariant for every Ly,
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then Ly = @+ .. 44, 0Lg, 0 ... 0L, . The integral curves of & intersect all orbits. Therefore,
to prove that G acts transitive on every leaf, it is enough to prove this fact in only one leaf.
Let N be the leaf of eH. Since N is a totally geodesic submanifold of M, by Lem. 6.2.1,
every point p € N is connected to eH by a broken geodesic of V. As G is connected and locally
transitive on an open neighbourhood of eH (in the submanifold topology), G acts transitively on
N. Finally, every orbit is principal since {g € G: g-eH =eH} ={g€G: g-@(eH) = ¢, (eH)},
for all 7 € R and & intersects all orbits. ]

This finishes the proof of Theorem 6.2.2. |

Definition 6.2.5. A Riemannian manifold (M, g) equipped with a unit vector field & and a
linear connection V satisfying conditions (6.1) is called a cohomogeneity one Ambrose-Singer
manifold (CO1-AS-manifold for short). In this case, the (1,2)-tensor field S = V — V is called

cohomogeneity one structure, where V is the Levi-Civita connection.

Remark 6.2.6. As we have described in Sec. 1.3.1, a same reductive homogeneous manifold
may have different descriptions as a quotient G/H as well as different reductive decompositions
g = b+ m. Furthermore, for each of the quotient we may determine the set of all G-invariant
metrics. Together with the choice of the complement m to b, all these provide the collection of
homogeneous tensors S.

A similar situation happens in cohomogeneity one manifolds. For example, for any Lie
group G acting on (S",g) the Euclidean sphere, see (1.9). Then, we might consider a warped
product M = R X ¢S" for a smooth function f : R — R™. Obviously, the Lie group {0} x G
acts with cohomogeneity one on R x S" and the action of every different group provides the
same (trivial) foliation. Thus, the cohomogeneity one structure helps to distinguish between

those different actions.

One advantage of AS or CO1-AS structures is that they can be used to distinguish different
homogeneous or cohomogeneity one descriptions. With respect to CO1-AS structures, their

classification is done up to equivalence in the following sense.

Definition 6.2.7. Two regular cohomogeneity one manifolds (M,g) and (M’,g’) with the
same group G are called isomorphic if and only if there exists a G-equivariant isometry
f:(Mg) — (M'.g).

Definition 6.2.8. Two cohomogeneity one structures S in (M, g) and S’ in (M, g) are called

isomorphic if and only if there exists an isometry f: (M,g) — (M’,g’) that maps S to §'.

Proposition 6.2.9. Let (M, g) and (M',g) be two connected, simply-connected and complete G-
regular cohomogeneity one manifolds with cohomogeneity one structures S and S, respectively.

If S and S’ are isomorphic, then (M,g) and (M’,g') are isomorphic.
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Proof. Let f: (M,g) — (M’,g) be an isometry sending S to §’. Then f is an affine map
from V=V —Sto V' =V —5 where V and V' are the Levi-Civita connections of (M,g)
and (M',g), respectively. We now consider the Lie group G generated by Thm. 6.2.2 applied
for the first of the manifolds. It also acts on M’ through f. We know from Thm. 1.2.13 that
this Lie group is generated by the global transvections of the connection V. For every global
transvection F of V, then foF o f~! is a transvection map of V'. Therefore, f is a G-equivariant
map. []

Proposition 6.2.10. Let (M,g) and (M',g") be two connected, simply-connected and com-
plete G-regular cohomogeneity one manifolds. If (M,g) and (M',g') are isomorphic by
f:(M,g) — (M',¢') and S is a cohomogeneity one structure for (M, g), then f.S is a coho-
mogeneity one structure for (M, g) that is isomorphic to S.

Proof. This proof is direct after the observation that f is an affine diffeomorphism between the
connections V=V —Sand V' = V' — £+S, where V and V' are the Levi-Civita connections of
(M,g) and (M',g’), respectively. O

6.3 Characterization of cohomogeneity one manifolds: local version

Let G be a Lie pseudo-group of differentiable transformations on a manifold M (we refer the
reader to [Spi92] or [Acc21] for an exposition on this topic). Given a point py € M, we define
G(po) as the set of transformations for which pg belongs to the domain, and G(pg, po) C G(po)
the set of transformations f such that f(pg) = po. The quotient H(po) = G(po, po)/ ~ with
respect to the relation f ~ ' <= f|y = f'|y for some neighbourhood U of py, is a Lie
group (cf. [Acc21, Ch. 1]). We now consider a frame 1y € L(M) over the point py. We recall
that the action of G on M is effective and closed if the map (4.2) is a monomorphism and
its image H(u) is closed. The morphism (4.2) is called the isotropy representation of G on
M. The effectiveness and closedness of this representation do not depend on the choice of u
(see Prop. 4.2.2). Following the construction in Sec. 4.2, an effective and closed action of G on

M naturally induces an action of G on the frame bundle £(M):

(fau)Hf*,ﬂ:(u)ouu ME,C(M),

where H(ug) C GL(n,R) represents the isotropy group at g for the Lie groupoid defined by
the germs of differentials of G. It is called the linear isotropy group.

Since two local isometries f, f’ such that f(pg) = f’(po) coincide on a neighbourhood of
po (. e., f ~ f7) if and only if their differentials at po are equal, we have that the action of a
pseudo-group of local isometries of a Riemannian manifold (M, g) is always effective.
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If the action is both effective and transitive, given uy € L(M), the bundle

Puo) = {f«(uo) : f€G},

is a reduction of the frame bundle to the subgroup H(up). Under these conditions, for an

element ¢ € H(po), we define

Ady: T, P(uo) — Ty P(uo)
d

d -1
Jr| o (@)(wo) — ) (@o@op).(uo)

where @, € G, and f belongs to a certain interval (—¢,€).

Consider a Lie pseudo-group G whose action is transitive, effective and closed. In this
context, we defined the action to be reductive (see Def. 4.2.3) if and only if the tangent space
at up, admits a decomposition 7,,,P(up) = h +m, where b is the Lie algebra associated with

H(up) and m is a Ad(H (py))-invariant subspace.

Theorem 6.3.1 ([CC19, p. 3.1.13]). Let (M, g) be a Riemannian manifold such that a pseudo-
group G C Isomy,.(M, g) is acting transitively. Then, the action of G is effective, closed and
reductive.

Definition 6.3.2. A Riemannian manifold (M, g) is locally cohomogeneity one if there exists
a pseudo-group of local isometries G acting on M in such a way that M /G is connected and
every orbit is an orientable, embedded and closed submanifold of codimension one.

A locally cohomogeneity one Riemannian manifold (M, g) is said to be a regular if for
every two frames ug and vy of M, the closed subgroups H(up) and H(vy) are conjugate in
GL(n,R). This is equivalent to the fact that all orbits are principal.

Theorem 6.3.3. Let (M, g) be an orientable and connected Riemannian manifold. The follow-

ing two are equivalent:

(1) (M,g) is a regular locally cohomogeneity one Riemannian manifold.

(2) There exists a connection V and a unit vector field & € X(M) such that

VR=0, VT =0,

\Y
i i (6.3)
Vxg=0, T(X,Y)eD, VX,Y €D,

where D = {X € ¥(M) : g(X,&) =0}, and R, T are the curvature and torsion of V,
respectively. Furthermore, the maximal integral leaves of the distribution D (which is

integrable according to Lem. 6.2.1) are embedded and closed.
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Proof. The main ideas of the proof are summarized in Thm. 6.2.2.

Proof of (2) implies (1). From Thm. 4.2.5 we know that there exists reductive Lie pseudo-group
G that acts transitively on (M, g) and leaves & invariant. Moreover, this pseudo-group G can be
identified with the Lie pseudo-group of local transvections of V. We thus consider the subset G
of G consisting of local transvections associated with parallel transports by curves in the leaves.
Since VE = 0 and Vyg = 0 for all X € D, these local transvections preserve the vector field &,
the Riemannian tensor g and thus the codimension one distribution D.

Lemma 6.3.4. The subset G is a Lie pseudo-group.

Proof. This follows directly from the definition of local transvection, i. e., it is a local diffeo-

morphism that preserves every holonomy bundle. [

Lemma 6.3.5. For any f € G and any point q € dom(f), both q and f(q) belong to the same

leaf. Furthermore, the action of G on every leaf is transitive.

Proof. The local transvection f € G is associated with a V-parallel transport along a broken
geodesic in one leaf O, and that leaf is thus invariant. But the point g € dom(f) does not have
to belong to that leaf. In that case, there exists 7y € R such that ¢;,(¢) € O, where ¢; is the flow
of £. The vector field is geodesic for V, the differential of the flow is the V-parallel transport
along & and the flow sends leaves to leaves. As f preserves &, the points ¢ and f(g) belong to
the same leaf ¢_;,(O).

The transitiveness comes from the existence of (broken) geodesics connecting any two
point of any leaf. []

Proof of (1) implies (2). The procedure is to find a connection \% satisfying the first row of (6.3).
Again, from Thm. 4.2.5, it is sufficient to show that there exist a Lie pseudo-group G whose
action is transitive (Lem. 6.3.6), effective (Lem. 6.3.7), closed (Lem. 6.3.8) and reductive
(Lem. 6.3.9) on the leaves. Afterwards, we prove the second row of (6.3).

Since M is orientable and all orbits are principal, any orbit admits a unit normal vector field
&. As M /G is connected, in analogy with Thm. 6.2.2, the vector field & is globally defined on
M. That is, for every orbit G - p, there exists an € > 0 such that the flow ¢: (—¢,&) XU — M,
where U is an open set containing G - po, is defined. Let G be the Riemannian pseudo-group
acting with cohomogeneity one on M. We define the pseudo-group G generated by G and A,
the latter being the pseudo-group generated by flows of unit local vector fields orthogonal to
the leaves.

Lemma 6.3.6. The Lie pseudo-group G acts transitively on M.
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Proof. Let p and g be two points. If p and g belong to the same leaf, then there exists a local
transformation f € G such that f(p) = ¢. In general, it is easy to see that A = {x e N : f(p) =
x, f € G} is open and closed. Since M is connected, we get the result. ]

As & is invariant by the isometries of G, every geodesic flow orthogonal to the leaves
commutes with the local isometries of G by Lem. 6.2.3. Actually, every transformation f € G
can be written as f = @ o f, where ¢ € Aand f € G.

Lemma 6.3.7. The Lie pseudo-group G is effective.

Proof. According to the first paragraph of Section 6.3, let Hg(po) be the quotient space of
elements f € G fixing a point po. Analogously, the space of elements f € G fixing a point py is
given by

H(po) = Hg(po) + L (¢, 0 f ),

where L(¢;, 0 f ~1) is the discrete Lie group generated by the element Qo f ~1and 1y is the
smallest 7o > 0 such that ¢, (po) = f(p) for some f € G. Note that, the set D = {@,(po) : k €
Z} is the intersection of {¢y(po) : t € R} and G - py, and both subsets are closed in N.

Note that Hg(po) is effective because it arises from a Riemannian Lie pseudo-group.
We show that if (@, o f~1)«(po) = Idy, . then @ o f~! is the identity map in an open
neighbourhood U of M. There is an open neighbourhood U such that both domain and image
of @y, 0 f ~1 are contained in U. This map is G (U)-equivariant by local isometries i € G with
domain U, i. e., for every h € G(U) there exits /' € G(U) such that ¢, 0 f L oh=H o, o f .
For every local Killing vector field X*, its flow comes from a family F; of isometries with 7 € 1,
where I is a closed interval, and F;(py) is an integral curve of X*. Due to the equivariance,

there exists a local Killing vector field Y* and a family H; of isometries such that,
(ptooff1 ok :Hto(ptooffl.
When applied to pg, we get

@y o f oF(po) = Hi(po),

i.e. (@of Du(X*(po)) =Y*(po). Necessarily, X* = Y*; therefore H; = F;. Consequently,
by applying this argument for every local Killing vector field, we conclude that (¢, o f _1)
fixes integral curves of Killing vector fields with the initial point pg. In these conditions
@pof t=Idy. O

Lemma 6.3.8. The action of the Lie pseudo-group G is closed.
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Proof. The image of H(pg) by the isotropy map (4.2) is

H(uo) = Hg(uo) + L(uo™" o (@0 f")soup)

where Hg(ug) is the image of Hg(po). On the one hand, as every leaf G- p is a locally
homogeneous Riemannian manifold and its action is reductive (see [Tri92]), then Hg(up) is
equal to the holonomy group of one AS-connection. Consequently, it is closed in GL(n,R).
On the other hand, let A = uy~' o (¢, 0 f~ 1) oug € GL(n,R). Then, the space L(A)
consists of the powers AX for k € Z. The matrix A € GL(n,R) C GL(n,C) diagonalizes as
A=P-D-P~!. We consider a convergent sequence {A*} in GL(n,C). Its eigenvalues cannot
have a norm different from 1; otherwise the limit would have a singular eigenvalue. If the
eigenvalues are of the form e’ with v irrational, {A*} would not converge. Then the exponents
of the eigenvalues are rational and the group £(A) is cyclic, finite and closed. Finally, since
Hg(uo) and L(A) are closed, it follows that H(ug) is closed. O

As L((¢, 087 ")) is discrete, the Lie algebra of H(py) is equal to the Lie algebra h of
Hg(po).

Lemma 6.3.9. The Lie pseudo-group G acts reductively.

Proof. Given a point pg € M and a frame 1 on it, we consider
Plug) = {fuouo € LIM): feG}

and P(uo,G - po) ={fioup € L(G-po): f € G}, the reduction of the frame bundle of M and the
orbit G - pg, respectively. Since every locally homogeneous Riemannian manifold is reductive
(see Thm. 6.3.1 above), we have the reductive decomposition in the leaves: T, P (uo,G - po) =
b+ m, where m is an Ad(Hg(po))-invariant subspace.

We consider the decomposition 7,,P(ug) = b+ (a+m), where

Ll
o dt

As every unit vector field & orthogonal to the leaves is invariant under the local transformations

((p)*ouo N ONS A}
t=0

of G, the flow of & commutes with every f € G. Consequently, a is Ad(Hg(po))-invariant
and Ad(¢y, o Lo )-invariant. Finally, as ¢y, o L,-1 preserves & and the horizontal distribution
defined by the connection above, the subspace m is Ad(¢;, o Ly )-invariant. [
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Therefore, from Thm. 4.2.5, there exists a global connection V such that
VR=0, VT =o0.
Finally, the proof of
VE=0, Vxg=0, T(X,Y)eD
is analogous to the corresponding proof in Thm. 6.2.2. |
We also have the following properties of CO1-AS-manifolds.

Proposition 6.3.10. Ler (M, g,V) be a CO1-AS-manifold and let S =V —V be the correspond-

ing cohomogeneity one structure tensor.
1. For every X € D, we have @XS =0.
2. ForeveryX € D, Sx-g=0.

3. Forevery X,Y € D then g(SxY,&) = g(VxY,&) = g(I(X,Y), &), where I is the second

fundamental form of the leaves.
4. We have that S¢§ = 0.

Proof. 1. Since Vxg = 0, every parallel transport defined by V along curves belonging to one
leaf preserves the Levi-Civita connection and the connection V. Therefore, they also preserve
the difference tensor S =V — 6, that is, 6XS =0.

2. From Vyg = 0 and Vg = 0, we have (V — V)xg = Sxg = 0.

3. First, g(SxY, &) = g((V = V)xY, &) = g(VxY, &) — g(VxY,E). From Vxg = 0, this is
equal to g(Vx¥, &)+ g(¥, Vx&) = g((Va¥)4, &) = g(II(X,¥),&).

4. It is a consequence of the fact that & is a geodesic vector field and VE = 0. [

6.4 Decomposition of cohomogeneity one Structures

We now explore the infinitesimal models associated with CO1-AS manifolds as well as their
classification.
Let (V,g) be a vector space of dimension n+ 1, n € N, endowed with a positive definite

inner product g and a unit vector £. Let

R: VAV —End(V), T:V — End(V),
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be two linear homomorphisms. We say that (R, T') is an infinitesimal cohomogeneity one model

if it satisfies 3 5
TxY +1TyX =0,

RxyZ+ RyxZ =0,
Rxy-T =Rxy-R=0,
GR)(yZ—F TTXYZ =0,

S‘ERTXYZ =0,
Rxy-& =0,
and, forall X,Y € D= L(§)*,
Rxy-g =0,
Rxy-S=0,
TxY € D,

where © is the cyclic sum, and the dot stands for the action of Rxy on 'V as a derivation.
XYz
Two CO1-AS infinitesimal models (V,T,R,&,g.S), (V,T',R',&',g',S') are said to be iso-
morphic if there is an isometry

f(Vg) — (V',¢)
such that,
fR:R/u fTZT/, f(§>:§7 fS:S/

Remark 6.4.1. In particular, at any point p of a CO1-AS manifold M there is an infinitesimal
cohomogeneity one model by takingV =T,M, g,,, §,, R » and Tp. According to Thm. 6.3.3, two
points p, p’ in the same leaf of the foliation of M define isomorphic infinitesimal cohomogeneity

one models.

Given an infinitesimal cohomogeneity one model, we define
SV)={Sev'agl(V): Sx-gZO,Ség =0,VX € D}

as the space of infinitesimal cohomogeneity one structures. From the decomposition V. =U & D
as irreducible SO(n)-submodules, U = L(£), D = U=, we have

S(V) = SD(V) +Su(V)
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with

Sp(V)={SeD*®gl(V): Sx-g=0} ~D*®s0(V)=D"QV AV,
Sy(V)={SeU " ®gl(V): Séé =0}.

We now explore each of these SO(n)-submodules. As usual, we can identify spaces and their
duals through the metric g.
We begin with Sp(V). It can be decomposed in SO(n)-submodules as

Sp(V)=D"QV*AV*
=D*QD*\D*+D*U*® D",
decomposition that is denoted by
T(V)=D*®@D*A\D",
IZ(V)=D"®@U*®D".

As we will see when we understand these structures coming from a CO1-AS manifold, this
notation is motivated by the fact that 7 (V) is the space of all possible infinitesimal homogeneous
structures tensors of the leaves and ZZ (V) is the space of all possible second fundamental forms
of the leaves at each point. The decomposition of these modules into irreducible submodules
can be derived from the results in the literature. They are as follows.

Proposition 6.4.2. The submodule T (V) decomposes as SO(n)-irreducible submodules as,
TV)=Ti(V)+T(V)+T3(V)
with explicit expressions,
TiV) = {SETW) : Sz =g(X,)0(2) - ¢(X,2)6(Y), 0 € D'},
T(V)={seT(W): Gsxrz=0,e12(5) =0},
T(V) = {S€TW) : Sxrz+Srxz =0},
where c12(S)(Z) = L1 | Se,e;z for any orthonormal basis {ey, ... ,e,} of D.

Proof. The proof follows directly from [TV83, Thm. 3.1] applied to our notation. [
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Proposition 6.4.3. The submodule TZ(V) decomposes as SO(n)-irreducible submodules as,
TI(V) =TI, (V) + I, (V) + IZ5(V)
with explicit expressions,
IT,(V) = {S ETI(V): Sxyz = Ag(X,Z)g(Y,E), A € R},
ITH(V) = {S € TI(V): Sxvz = &(Y,E)Sxez, Sxzz = Szex, 13(S) = 0},
TT5(V) = {S € TI(V): Sxrz = &(Y,E)Sxez, Sxez = —Szgx},
where ¢13(S)(Y) = L | Se,ve; for any orthonormal basis {ey, ... ,en} of D.

Proof. Recall that ZZ(V) = D* @ U* ® D*. Indeed, for any S € D* @ U* ® D*, we have
Sxyz = g(Y,&)Sxez, and S. ¢ . € D* @ D*. This space decomposes into irreducible SL(D)
submodules as

TZ(V)=D* AD* +S§*D*,

in symmetric and skew-symmetric endomorphisms, respectively. To get the SO(D) C SL(D)

irreducible submodules we have to take traces in the endomorphisms, 1. e.,
IZ(V)=D"AD* + {Sxegz c S’D* : c12(S)(E) =0} + {ngz c S’D* : c12(8) (&) # 0}

and this decomposition into irreducible submodules yields the three expressions ZZ3(V),
I7Z,(V) and ZZ,(V), respectively. O

We now analyse
Su(V)={SeU ' xgl(V): S¢§ =0} =U"QV*'®V.
FromV =U & D we get
U@V eV =U"U "V +U"@D* @D "+ U @D*®U"
and since S¢& = 0, the space Sy (V) is exactly

Sy(V)=U"@D* D" +U*@D*®U",
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decomposition that is denoted by

Z(V)=U*"®D*®D",
SL(V)=U*®D*®U*.

Proposition 6.4.4. The submodule Z (V') decomposes as SO(n)-irreducible submodules as,
Z(\V)=Z1(V)+ Z(V)+ Z3(V)
with explicit expressions,

zmn:{SezwyshzzzgnagxgyzeR}
{S c Z(V) : Sxyz = g(X,&)Séyz, Séyz = SéYXv ng(S) = O},

Z3(V) = {S € Z(V): Sxyz=8(X,8)Seyz, Seyz = _S’g’ZY}a

Z(V)

where c23(S)(X) = L1 | Sxese; for any orthonormal basis {ey, ... ,e,} of D.

Proof. As Z(V) ~ZZ(V), this decomposition is analogous to Thm. 6.4.3 doing a permutation

in the indices. OJ

Proposition 6.4.5. The submodule S,(V) is SO(D)-irreducible and its explicit expression is,
ShvV)={SeSW): Sxvz=g(¥,)g(X.E)8(Z,€). n €D}.

Proof. Itis direct from the fact S},(V) = U* @ D* @ U* ~ D* and it is irreducible. Its explicit
expression is direct. O

Therefore, we can write the space of cohomogeneity one structures as
S(V)=TWV)+IZ(V)+Z(V)+S5(V).

From the previous four propositions we have that, in fact, S(V) decomposes into the sum of
ten irreducible SO(n)-submodules. The local isometries in CO1-AS manifolds in Thm. 6.3.3
give the following result.

Proposition 6.4.6. If the cohomogeneity one structure S, of a CO1-AS manifold (M,g) at a
point p € M belongs to a certain irreducible submodule or sum of irreducible submodules, then

S,y belongs to the same submodule or sum of submodules for any other point p' of the leaf of p.
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We now give a few simple geometric results stemming from the classification above. It is

easy to see that the projections to each submodule are

Oy (S)xrz= Y, 8(X,e)g(Y,e;)Se,e;z,

=0

Mzz0)(S)xrz =) 8(X,e)g(Y,&)See7,
i=0

Mz (S)xrz =Y, 8(Y,e)g(X,&)Se7,
i=0

HSg/(V) (S)XYZ = g(X7§>g(Zag)S§Y§'

Proposition 6.4.7. Let (M,g,&) be a CO1-AS manifold and p € M.

If gy (Sp)xyz =0, then the leaf of p is a locally symmetric Riemannian manifold.

If Ty (Sp)xyz € Ti(V), then the leaf of p is locally isometric to the real hyperbolic
space.

If Uzz(v)(Sp)xyz = O, then the leaf of p is a totally geodesic submanifold.

6.5 The canonical cohomogeneity one structure

On the one hand, in the proof (1) implies (2) of the classical Ambrose-Singer Theorem, the
procedure is to construct the canonical connection (see Def. 1.2.11) associated with the reductive
decomposition given. As we have described in Sec. 1.2.1 this connection is characterized
from an algebraic (see Thm. 1.2.10) and geometrical (see Prop. 1.2.12) point of view. On the
other hand, in this section we give a formula for the cohomogeneity one structure constructed
in the proof (1) implies (2) of Thm. 6.2.2 along a geodesic that intersects all the orbits of a
cohomogeneity one action without singular orbits.

We consider a reductive homogeneous space M = G/H (not necessarily Riemannian),
with reductive decomposition g = h +m. For any X € g we denote by X* the fundamental
vector field associated with X. The canonical connection V of M with respect to the above

decomposition is determined by (1.6)
(VxY*), = —[X,Y]m,

for any X, Y € m, o = eH. Since Thm. 1.2.15, if T is the torsion of V, then we also have
T,(X),Y)) = —[X,Y]n forall X, Y € m.

0’70

Lemma 6.5.1. IfX c mandY € g then VxY* = —[X,Y].
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Proof. Using the formulas for V and the torsion 7,, when the corresponding vector are in m,

we have
VxY* =V Y* = (Vx-Y*),
— (%*X*)O + [X*, Y], + T,(X*,Y)
= Vy: X" — X, Y5+ T,(X},Y))
= Vy X*— [X,Y]n+T,(X,Yn)
= _[Ym7X]m - [XaY]m_ [XaYm]m = _[X7Y]m7
as we wanted to show. L]

Now we calculate V at any other point.

Lemma 6.5.2. If X, Y ¢ mand f € G, we have

(VX-Y™) ) = —fro[(Ad(/N)X) L Ad(F Y]

Proof. Let X € g. We consider y; = exp(tX) the 1-parameter group generated by X. We
denote by /-1 the conjugation by f !l and by Ad(f ') =1 -1, the corresponding adjoint
representation of g. We have

. d

d
Xfo) = ar t:O‘l/z(f(O)) =

:dt

o1 (¥)(0) = fro (Ad(F71)X),,

‘t:

Hence, ( f1x *) = (Ad( fhHx )0. Since V is G-invariant, Lem. 6.5.1 yields

o

*

(ﬁx*y*)ﬂo) = feo(V 1y 1Y), = fuo¥ (Ad (fil)x)m(Ad( Fhy)

= fro[(Ad(f X)), Ad(f Y],
as claimed. O

Now we come back to our original problem. We consider a Riemannian manifold M that
is being acted upon by a group of isometries G of cohomogeneity one, all whose orbits are
principal. As we have seen, we can define a global unit vector field £ that is orthogonal to all
the orbits of G. We denote by ¢, the flow of . Then ¢, determines a 1-parameter group A that
is isomorphic to R or S!. As a consequence, M is now a homogeneous space acted upon by
A x G by the formula (¢,g) - p = ¢@:(g- p) = g @(p). In particular, A is contained in the center
of A x G, and & is the fundamental vector field on M determined by 1 € A.
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From now on we fix p € M. We have the reductive decomposition a+m =bh+ (a+m) at
p. We determine the canonical connection V associated with this decomposition. We define

v(t) = ¢;(p), which is a unit speed geodesic that intersects all the orbits of G orthogonally.

Proposition 6.5.3. If X, Y € m, then we have (65)(*)7/(0 = (ﬁx*é)y(l) = (655)3/0) =0, and
(%(*Y*)y([) = — Qup[X, Y.

Proof. Since A is contained in the center of A x G we have that Ad(z), t € A, acts as the identity
of a+g. Thus, Ad(t )€ = & and Ad(t )X = X for all X € m. Since [a,a+ g] = 0, the first
three equalities of the statement follow from Lem. 6.5.2. Finally, if X, ¥ € m, Lem. 6.5.2 yields

(VaeY™), = = p [(Ad(T'X)) L AdCTY)]
= _(Pt*p [Xaera Y:| a+m - _(Pt*p [Xa Y] m’
which finishes the proof. ]

Finally, we calculate the cohomogeneity one structure S = V — V, where V is the Levi-Civita
connection of M.

Proposition 6.54. Let X, Y, Z € m, and a, b, c € R. Then, the difference tensor S is given by

28(Saz1x-(BE +Y7),c& +Z*)y(t) -
d d J
aag((p[*py, @rer2) +b5g((pf*l’x’ PrpZ) — Cag((/)t*pxa PripY)
+8(@rep[X, Y, 914pZ) = &(9rsp X, Zlm, Prep¥ ) = &(@rapl¥s Zlm, @1 X).

Proof. Since & is a geodesic vector field, Vg& = 0. Moreover, since Y*, Y € m, is Killing,
we have g(VeY*,€) =0 and g(VeY*,Z*) = —g(VzY*,&). Also, g(£,&) = 1 implies
g(Vx-&,€) =0, and g(X*,&) = 0 implies g(Vx-£,Z*) = —g(Vx-Z*,&). Altogether this
gives

28(Vaeix-(bE+Y"),cE+Z%) = —2ag(VzY*, &) —2bg(Vx-Z*,&)

(6.4)
+2cg(Vx-Y*,E) +2¢(Vx:Y*,Z").

We calculate g(VX*Y*, é)y([) for X, Y € m. First note that X;(t) = X(;(p) = QrpX, because

¢, commutes with the action of G. The fact that £ is geodesic, X* and Y* are Killing vector
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fields, and the Levi-Civita connection is torsion-free yields

d d

Eg(‘Pt*va PrepY ) = Eg(x;(t)’y;(fﬂ
= 8(Vey X" Yy) +8(X". Ve, Vi)
=—8(Vr:, X".8y) —8(Vx;, Y y0))
= —g(ZVX;(r)Y* = X"V Ny &)
= =28(Vx;, Y™ 6500)-

The last addend of (6.4) can be calculated from [Bes87, p. 7.27] as
g(VX*Y*’Z*> - g([X*7Y*]7Z*) +g([X*,Z*],Y*) +g([Y*7Z*]7X*)'

Since X;(p) = @rpXp, we see that X* is @y-related to itself. Thus, [X*,Y*],,) = [X*,Y "], (p) =
Prip X, Y] p = = @rap X, V|-

Substituting in (6.4) we obtain the Levi-Civita connection of M along 7. This, together with
Prop. 6.5.3, finishes the proof of Prop. 6.5.4. [

Remark 6.5.5. Let Ay denote the shape operator of G- y(¢) at y(t) with respect to the normal
vector &), that is, Ay (v) = —=V,&, v € Ty (G-¥(t)). Then,

1d

g(Ay(t)X;(sz;(;)) = —g(VX*Y*, é)y(,) = Eag((l’t*pxa (Pt*PY)'

. . . d _ . .
Furthermore, X;,‘(t) is a Jacobi vector field along y with EIOX;(O = —ApX,. Thus, if one is

able to solve the Jacobi equation along ¥, then X | can be calculated explicitly, and so can the

()
shape operator Ay ).

Definition 6.5.6. The cohomogeneity one structure S given in Prop. 6.5.4 is called the canonical

cohomogeneity one structure.

From Prop. 6.5.3, the canonical cohomogeneity one structure satisfies

where T is the torsion of V=V — .

Proposition 6.5.7. Let S| and S, be two cohomogeneity one structures on (M,g) associated
with & such that Ty (§, - ) =0 and T5(§, - ) = 0. If Ty (S1) = Iy (S2), then Sy = S,
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Proof. We notice that the distribution D = {X : g(X,£) = 0} is independent of the choice of
S1 and S;. Therefore, it makes sense to consider IT7(y(S1) = Il7(y)(S2). This means that
(S1)xY = (S2)xY forall X, Y € D. For i = 1, 2, as the Levi-Civita connection is torsion-free,

Ti(E,A) = —(Si)eA+(S1)ag, VAETM.

We apply 7;(&,-) = 0 and get (S;)¢A = (S;)a&. For all a, b € R, we apply Prop. 6.3.10,

2((S)azsx &€ +7) Y g((S)xE,cE +7)

D e((5)x&,)

= I(X,Y),

—
~

which is independent of the choice of i. Then S| = S. [

Remark 6.5.8. The canonical cohomogeneity one structure S is the unique (up to homogeneous

structure in the leaves) cohomogeneity one structure satisfying,

T(é? '):0

where T is the torsion of V=V —§.

6.6 Examples

In this section we examine examples and techniques to construct cohomogeneity one structures.

Parallel hyperplanes in euclidean spaces

Let (R",grn) be the Euclidean space. If H is a closed subgroup of SO(n— 1), then G =
H x R" 1 acts transitively on (R"*~!, gr.—1). Consequently, G acts with cohomogeneity one on
R". For p = (p1, ... ,Pn), the orbit space G- p = {(x1, ... xy—1,pn) : x; € R} gives a foliation
without singular orbits. The unit vector field orthogonal to the leaves is §, = (0, ... 0,1) and
its flow is @, (p) = (p1, ... , pn+1). Since ¢, is isometric and R" ! is an abelian ideal of R”,
the first and second rows of Prop. 6.5.4 are zero. Thus, S = 0.

Concentric spheres in euclidean spaces

The space (R’ — {0}, gr/) equipped with the Eucliden metric is isometric to the warped product
(RT xS/ g), g =dr? + f(r)?gg-1, where r is the distance to the origin, f(r) = r, and gg-1
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is the round metric of the sphere. Let p: R" x ¢ S!=! — S'~1 be the projection to the second
coordinate. Consider a Lie group G of isometries of (S/~!, gsi—1) and the canonical connection
VS associated with it. We also consider the pseudo-group (R™,+) acting transitively on R™.
The Lie pseudo-group R* x G acts transitively on R* x ¢ S/~! and there is an AS-connection

\Y (non-necessarily Riemannian and non necessarily complete) such that
VT =0, VR =0.

Actually, .
V=vR oVvs

where VR is the Levi-Civita connection for R ™.

The Lie group G acts with cohomogeneity one on RT x S/~! = R* x G/H and its action
gives a foliation of spheres S'~!(r) of radius r > 0. The normal vector field for each one of these
submanifolds is, 11(r,p) = d/dr (in Euclidean coordinates, 1 (x) = H;—H) and the associated
COAS-1 connection is V. We know that (see [ONe83, p. 206, Prop. 35])

) 2kl -1 . : )
V= VR g vS I_Mgrad(fwr @(”*@)deqdel@n*)ﬁ
1

™~

1

-1, . .. . :
where VS is the Levi-Civita connection for the sphere S'~! and {% ,%} s an

1
orthonormal basis of 7,S/~! and {del, ,delfl} is its dual basis. As n(f) = 1, we have

B 275* B 1 -1 ) ) 0
v — VR g vS 1 ffmt(gs l)n_l_HxH Y (0" @de +de' ©n*) =
i=1

Hence, the sphere foliation of (R’ — {0},¢) induced by the Lie group G possesses a
cohomogeneity-one structure, represented by,

2 o % -1
-1 fTm(gsi-1) 1 % ' w9
S=0as5 — n+ n* @de +de @n*) —, (6.5)
EIRAT) ) 3¢
where §5' = V8" — V5" is the homogeneous structure for the action of G on S~ = G/H.

In other words,

_ ! g((m):B,(m).C)) o
SBC—S(ﬂz)*B<7T2)*C— - E

A o)mets( ) )
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In particular, for p € M, if we take B, C € TpSl_l, we have

SpC =55 'C—rgg1(B,O)N

1 1
Sgn =B, S,C=—C.
r r

In a broader sense, let (M1, g2, 61) and (M, g, 62) be two Riemannian AS-manifolds, that
18,
VIRl = 0, ViTy = 0, Vg = 0
VoRy, = 0, Vobhb = 0, Vago = 0,

where R; and T; are the curvature and torsion of V; with i = 1,2. On the one hand, the product
manifold M; x M, is a general AS-manifold with AS-connection

V=V, &V,

On the other hand, for a positive function f: M; — R™, then we can consider the warped
product (M1 XMy, g =m*(g1)+ (fo 7r1)27r2*(g2)) where 7; is the projection onto M; with
i=1or2. We write f instead of f o ;. In particular, if the dimension of M| is 1, the warped
product is a regular (locally) cohomogeneity one and the Levi-Civita connection in local
coordinates is given by (again, [ONe83, p. 206, Prop. 35])

2 -1
L5 ; ; d
V=V &V,— fz—(gz)grad(f) +3) M(T[* ®de' +de'@n*)=—
f i=1 f de
where 7 is a unit vector field in (M, g;), {%, ’F} is a local orthonormal basis of M>,

and {del, ,del_l} is its dual basis. Finally, the (1, 2)-tensor
S=V-V
1s a cohomogeneity one structure.

The horosphere foliation in the real hyperbolic space

The real hyperbolic space RH(n) with the hyperbolic metric of constant scalar curvature equal
to —1 is isometric to the warped product (R x ;R g = dt> + f(t)*gga1), with f(t) = e™".
Following the procedure outlined above, we can introduce the AS-connection V, defined as

VAR v v
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-1 e . . =
where VR and VR" are the Levi-Civita connections of R and R” !, respectively. Note that V
corresponds to the Levi-Civita connection for the euclidean metric in R". However, V is not
metric with respect g, even though it satisfies

VR=0, VI=0, VE=0, Vxg=0, T(X,Y)eL(&)",

where & = /0t and R and T are the curvature and torsion of V. In other words, V is an
AS-connection of Thm. 6.2.2 and S=V —Visa cohomogeneity one structure, where V is the
Levi-Civita connection of RH(n). We now compute S explicitly.

The Levi-Civita connection for a warped product is

2 ¥ —
V:VR@VRnI—Mgrad(f) Z@(&@de +de' @& ) 8
i=1
that is »
VZVR@VR"’1+f2n2*(an,1)J;— (E*®de +de' @& ) a

1

~.

The cohomogeneity one structure S = V — V is thus

-1 ) ' P
S= f 77:2 ERn— 1 é Z €*®d€l+d€l®§*)$
i=1

=8((m).X, (m):Y)G — 8(5, X)(m).Y — (5, Y)(m).X,

~.

and putting ((m).X) =X —g(X,&)€ and (my).Y =Y —g(Y,&)E, we finally get
Sx¥ =g(X,Y)§ — (5, X)Y —g(&,Y)X +8(X,5)g(5,Y)§.

A non-canonical cohomogeneity one structure

The real hyperbolic space RH(n), in the coordinates above, is characterized by the existence of

a homogeneous structure S of linear type, see [TV83, Thm. 5.2]. This has the expression,

SxY =g(X,¥)§ —g(¥,8)X

where £ = % and satisfies,

<
=
I
=
<|n
~n
I
<
<]n
L
I
=
<|n
oQ
I
<
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where S = V — V, the Levi-Civita connection is V, and the curvature and torsion of V are R

and T, respectively. We have
—TyB = S4B —SpA = g(A,E)B—g(B,E)A.
Then, forall X, Y € D={X :g(X,&) =0},
TxY =0, T:Y=-Y#0

which means that S is a cohomogeneity one structure, but it is not a canonical cohomogeneity

one structure.






Appendix A
Expressions of Homogeneous Structures

Theorem A.1 ([AG88, Thm. 2.1] and [BGOI11, Thm. 3.5]). If m > 6, the space IC(V) is

decomposed into mutually orthogonal and irreducible U(p, q)-submodules as
K(V) = Ki(V) ®K2(V) @ K3(V) D Ka(V),
where

1
Ki(V) = {S eK(V):Sxyz = 3 (Syzx +Szxy +Sivizx +Sizxiy) , c12(S) = 0}7

K2V) = {S € K(V) : Swvz = (X V)a(2) — (X 2)(0) + (XY )2(02)
- (XJZ)20Y) ~20Y.2)10X), 12 € V'],
IC3(V) = {S eER(V):Sxyz= —% (Syzx + Szxy +Ssvizx +Sizxsy) ; c12(S) = 0}»

Ka(V) = {S € K(V) : Swvz = (X,Y)04(2) — (X, 2) 2a(¥) + (X,JY) 1 (I2)

~ (X JZ)2JY) = 20Y,Z) 14 UX), 24 € V" |

and
c12(8)(Z2) = Z Seieiz
i=1

for an orthonormal basis {ey, ... ,en}.
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Theorem A.2 ([CC19, Prop. 4.2.10]). If m > 17, the space S (V) decomposes into irreducible
and mutually orthogonal U(p, q) x {1}-submodules as

S+ (V)=CS1(V)DCS(V)DCS3(V)DCS4(V)DCS5(V)BCS6(V)
where

1
CSi1(V) = {S €S4(V):Sxyz= > (Syzx +Szxy +Sivizx +Sizxsy), c12(S) = 0},

CS:(V) = {S €S (V): Sxvz = (X,Y)¥a(Z) - en(X)n(¥)y2(Z) - (X, Z)ya(¥)
+en(X)(Z)ya(Y) + (X.0Y )y (9Z) — (X,0Z) ya(9Y)
~2(0Y.2)ya(9X), y2 € V',

CS3(V) = {S €S4(V):Sxyz= —% (Syzx +Szxy +Sivizx +Sizxiy), c12(S) = 0},

CS4(V) = {S €81 (V) : Sxvz = (X,¥)ya(2) - en(X)n(Y)¥a(2) — (X, Z)ya(¥)
+en(X)NZ)wu(Y) + (X, 0Y ) yu(9Z) — (X, 0Z) ya(9Y)
+2(0Y, Z) yu (¢X), w4y € ‘7*},

CSs(V) = {S € 84(V): Sxvz = an(X)a(¥,92), a € R},

CSs(V) = {S € S (V) : cap3(8) =0},

and
m—1 m—1
C12(S)<Z) = Z Seieiz, CZ¢3(S)(Z) = Z SZei(Pen
i=1 i=1
for V the orthogonal complement to &, an orthonormal basis {e|, ... ,em_1} of V and
e=2g(¢,%)

Theorem A.3 ([CG90]). If m >, the space S—_ (V') decomposes into irreducible and mutually
orthogonal U(p,q) x {1}-submodules as

S_(V)=Ci(V)® - ®Cia(V)
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{se8 (V) Suxr = Sxre =0},
C(v) = {s5€5-(V): SSxrz =0, 5xye =0},
{S €S_(V):Sxyz —Soxorz =0,c12(S) = 0},
Ca(V) = {S €S- (V) Sxrz = (X, V)a(Z) — en(X)n(Y)pa(Z) — (X, Z)psa(¥)

+en(ON(Z)alY) = (X, 07 )a(0Z) + (X, 0Z) pa(9Y ), pa € V|,
)

Cs(V) = {S € S-(V): Sxrz = Be (N(¥)g(X.02) ~n(2)3(X,0Y)), B € R},
Co(V) = {S € S-(V): Sxvz = ve (n(¥)g(X.2) - n(Z)g(X.Y)), € R},
Cr(V) = {S € S_(V) 1 Sxrz = N(Z)Syxz —N(¥)Syxoze: c12(8)(€) = 0},
Cy(V) = {S € S-(V): Sxrz = —n(Z)Syxe —N(¥)Spxoze c162(S)(E) =0},
Co(V) = {S €S (V) : Sxyz = N(Z)Syxe + (V) Spxozz |

Cio(V) = {S €5 (V) : Sxrz = —11(2)Syxe +1()Sgxoze |-

Cn(V)= {S €S (V):Sxyz= —H(X)Swmz},

Cio(V) = {S € S-(v) : Sxyz = en(X) (MY )2(2) =1 (@) puia(Y)) , 2 € V" |,

and

n(5)2)= X, Suvr S =L Supuz
for V the orthogonal complement to &, an orthonormal basis {e1, ... ,em_1} of V and

e=g(&,8)






References

[AGS88]

[Acc21]

[AHL23]

[AP15]

[AA93]

[AS53]

[AS58]

[BGO11]

[BT21]

[BCO16]

[Bes87]

[Bia01]

[CC19]

Elsa Abbena and Sergio Garbiero. “Almost Hermitian homogeneous structures”. Proceed-
ings of the Edinburgh Mathematical Society 31:(3) (1988), pp. 375-395. po1: 10.1017/
S0013091500006775.

Luca Accornero. “Topics on Lie pseudogroups: Pfaffian groups, Haefliger’s cohomology
and natural bundles”. PhD thesis. Utrecht University, 2021. Do1: 10.33540/909.

Ilka Agricola, Jordan Hofmann, and Marie-Amélie Lawn. “Invariant spinors on homoge-
neous spheres”. Differential Geometry and its Applications 89: (2023), p. 102014. DOTI:
10.1016/j.difgeo.2023.102014.

Rui Albuquerque and Roger Picken. “On Invariants of Almost symplectic Connections”.
Math. Phys., Anal. and Geom. 18:(8) (2015), pp. 385-403. po1: 10.1007/s11040-015-
9180-y.

Andrey V. Alekseevsky and Dmitry V. Alekseevsky. “Riemannian G-manifold with one-
dimensional orbit space”. Annals of Global Analysis and Geometry 11:(3) (1993), pp. 197-
211. por: 10.1007/BF00773366.

Warren Ambrose and Isadore Manuel Singer. “A Theorem on holonomy”. Transactions of
the American Mathematical Society 75: (1953), pp. 428-443. por: 10.1090/S0002-9947-
1953-0063739-1.

Warren Ambrose and Isadore Manuel Singer. “On homogeneous Riemannian manifolds”.
Duke Mathematical Journal 25:(4) (1958), pp. 647-669. po1: 10.1215/S0012-7094-58-
02560-2.

Wafaa Batat, Pedro M. Gadea, and José A. Oubina. “Homogeneous pseudo-Riemannian
structures of linear type”. Journal of Geometry and Physics 61:(3) (2011), pp. 745-764.
pol: 10.1016/j.geomphys.2010.12.006.

Arash Bazdar and Andrei Teleman. “Infinitesimal homogeneity and bundles”. Annals of
Global Analysis and Geometry 59:(2) (2021), pp. 197-231. por: 10.1007/s10455-020-
09737-2.

Jiirgen Berndt, Sergio Console, and Carlos Enrique Olmos. Submanifolds and Holonomy.
Chapman & Hall/CRC Monographs and Research Notes in Mathematics. CRC Press, 2016.
ISBN: 9781482245165.

Arthur L. Besse. Einstein Manifolds. Classics in Mathematics. Springer Berlin Heidelberg,
1987. por: 10.1007/978-3-540-74311-8.

Luigi Bianchi. “On the Three-Dimensional Spaces Which Admit a Continuous Group
of Motions”. General Relativity and Gravitation 33:(12) (2001), pp. 2171-2253. DOTI:
10.1023/A:1015357132699.

Giovanni Calvaruso and Marco Castrilléon Léopez. Pseudo-Riemannian Homogeneous
Structures. Developments in Mathematics. Springer International Publishing, 2019. DOTI:

10.1007/978-3-030-18152-9.


https://doi.org/10.1017/S0013091500006775
https://doi.org/10.1017/S0013091500006775
https://doi.org/10.33540/909
https://doi.org/10.1016/j.difgeo.2023.102014
https://doi.org/10.1007/s11040-015-9180-y
https://doi.org/10.1007/s11040-015-9180-y
https://doi.org/10.1007/BF00773366
https://doi.org/10.1090/S0002-9947-1953-0063739-1
https://doi.org/10.1090/S0002-9947-1953-0063739-1
https://doi.org/10.1215/S0012-7094-58-02560-2
https://doi.org/10.1215/S0012-7094-58-02560-2
https://doi.org/10.1016/j.geomphys.2010.12.006
https://doi.org/10.1007/s10455-020-09737-2
https://doi.org/10.1007/s10455-020-09737-2
https://doi.org/10.1007/978-3-540-74311-8
https://doi.org/10.1023/A:1015357132699
https://doi.org/10.1007/978-3-030-18152-9

144

References

[CC20]

[CC22a]

[CC22b]

[CCD23]

[Car29]

[CGS06]

[CGS09]

[CGS13]

[CL15]

[CL17]

[Che46]

[CGI0]

[DKL22]

[DDS17]

[Fin98]

[GMMO0]

José Luis Carmona Jiménez and Marco Castrillén Lépez. “Reduction of Homogeneous
pseudo-Kihler Structures by One-Dimensional Fibers”. Axioms 9:(3) (2020). por: 10.
3390/axioms9030094.

José Luis Carmona Jiménez and Marco Castrillén Lépez. “The Ambrose-Singer Theorem
for General Homogeneous Manifolds with Applications to Symplectic Geometry”. Mediter-
ranean Journal of Mathematics 19: (2022), p. 280. po1: 10.1007/s00009-022-02197-x.

José Luis Carmona Jiménez and Marco Castrillén Lépez. “The homogeneous holonomies of
complex hyperbolic space”. Annals of Global Analysis and Geometry 62: (2022), pp. 391-
411. por: 10.1007/s10455-022-09852-2.

José Luis Carmona Jiménez, Marco Castrillén Lépez, and José Carlos Diaz-Ramos. “The
Ambrose-Singer theorem for cohomogeneity one manifolds” (2023). arXiv: 2312.16934.

Elie Cartan. “Sur la détermination d’un systéme orthogonal complet dans un espace de
riemann symétrique clos”. Rendiconti del Circolo Matematico di Palermo (1884-1940)

53:(1) (1929), pp. 217-252. por: 10.1007/BF03024106.

Marco Castrillén Lépez, Pedro Martinez Gadea, and Andrew Francis Swann. “Homoge-
neous Quaternionic Kahler Structures and Quaternionic Hyperbolic Space”. Transformation
Groups 11:(4) (2006), pp. 575-608. po1: 10.1007/s00031-005-1124-3.

Marco Castrillén Lépez, Pedro Martinez Gadea, and Andrew Francis Swann. “Homoge-
neous structures on real and complex hyperbolic spaces”. lllinois Journal of Mathematics

53:(2) (2009), pp. 561-574. por: 10.1215/1jm/1266934792.

Marco Castrillon Lépez, Pedro Martinez Gadea, and Andrew Francis Swann. “The Homo-
geneous Geometries of Real Hyperbolic Space”. Mediterranean Journal of Mathematics
10:(2) (2013), pp. 1011-1022. por: 10.1007/s00009-012-0209-1.

Marco Castrilléon Lopez and Ignacio Lujan. “Reduction of Homogeneous Riemannian
Structures”. Proceedings of the Edinburgh Mathematical Society 58:(1) (2015), pp. 81-106.
por: 10.1017/S0013091513000679.

Marco Castrillén Lépez and Ignacio Lujan. “Homogeneous structures of linear type on
e-Kéhler and e-quaternion Kéhler manifolds”. Revista Matemdtica Iberoamericana 33:(1)
(2017), pp. 139-168. por: 10.4171/RM1/930.

Claude Chevalley. Theory of Lie Groups. Princeton University Press, 1946. URL: http:
/Iwww.jstor.org/stable/j.ctt1bpm9z7.

Domingo Chinea and Carmelo Gonzalez. “A classification of almost contact metric mani-
folds”. Annali di Matematica Pura ed Applicata 156: (1990), pp. 15-36. po1: 10.1007/
BF01766972.

Jordi Daura Serrano, Michael Kohn, and Marie-Amélie Lawn. “G-invariant spin structures
on spheres”. Annals of Global Analysis and Geometry 62:(2) (2022), pp. 437—455. DOL:
10.1007/s10455-022-09855-z.

José Carlos Diaz-Ramos, Miguel Dominguez-Vazquez, and Victor Sanmartin-Lépez.
“Isoparametric hypersurfaces in complex hyperbolic spaces”. Advances in Mathematics
314: (2017), pp. 756-805. por: 10.1016/j.aim.2017.05.012.

Anna Fino. “Intrinsic torsion and weak holonomy”. Mathematics journal of Toyama
University 21: (1998), pp. 1-22.

Pedro Martinez Gadea, Angel Montesinos Amilibia, and Jaime Mufioz Masqué. “Charac-
terizing the complex hyperbolic space by Kéhler homogeneous structures”. Mathematical
Proceedings of the Cambridge Philosophical Society 128:(1) (2000), pp. 87-94. DOI:
10.1017/S0305004199003825.


https://doi.org/10.3390/axioms9030094
https://doi.org/10.3390/axioms9030094
https://doi.org/10.1007/s00009-022-02197-x
https://doi.org/10.1007/s10455-022-09852-2
https://arxiv.org/abs/2312.16934
https://doi.org/10.1007/BF03024106
https://doi.org/10.1007/s00031-005-1124-3
https://doi.org/10.1215/ijm/1266934792
https://doi.org/10.1007/s00009-012-0209-1
https://doi.org/10.1017/S0013091513000679
https://doi.org/10.4171/RMI/930
http://www.jstor.org/stable/j.ctt1bpm9z7
http://www.jstor.org/stable/j.ctt1bpm9z7
https://doi.org/10.1007/BF01766972
https://doi.org/10.1007/BF01766972
https://doi.org/10.1007/s10455-022-09855-z
https://doi.org/10.1016/j.aim.2017.05.012
https://doi.org/10.1017/S0305004199003825

References

145

[GO92]

[GO97]

[GOO05]

[GRS98]
[Gol99]
[GHS80]
[Hus66]
[Kir80]
[KN63]
[KN69]
[Kow80]
[Kow90]

[LT93]

[Lee09]

[Luj14]

[Luj15]

[MLO4]

Pedro Martinez Gadea and José Antonio Oubifa. “Homogeneous pseudo-Riemannian struc-
tures and homogeneous almost para-hermitian structures”. Houston Journal of Mathematics
18:(3) (1992), pp. 449-465.

Pedro Martinez Gadea and José Antonio Oubifa. “Reductive homogeneous pseudo-
Riemannian manifolds”. Monatshefte fiir Mathematik 124:(1) (1997), pp. 17-34. DOI:
10.1007/BF01320735.

Pedro Martinez Gadea and José Antonio Oubiiia. “Homogeneous Riemannian structures
on Berger 3-spheres”. Proceedings of the Edinburgh Mathematical Society 48:(2) (2005),
pp. 375-387. por: 10.1017/S0013091504000422.

Israel Gelfand, Vladimir Retakh, and Mikhail Shubin. “Fedosov Manifolds”. Advances in
Mathematics 136:(1) (1998), pp. 104-140. por: 10.1006/aima.1998.1727.

William Mark Goldman. Complex hyperbolic geometry. Oxford University Press, 1999.

Alfred Gray and Luis M. Hervella. “The sixteen classes of almost Hermitian manifolds and
their linear invariants”. Annali di Matematica Pura ed Applicata 123:(1) (1980), pp. 35-58.
por: 10.1007/BF01796539.

Dale Husemdller. Fibre bundles. Vol. 5. Springer, 1966. bo1: 10.1007/978-1-4757-
2261-1.

Vadim Fedorovich Kiri¢enko. “On homogeneous Riemannian spaces with an invariant
structure tensor”. Soviet Mathematics, Doklady 21:(2) (1980), pp. 734-737.

Shoshichi Kobayashi and Katsumi Nomizu. Foundations of differential geometry. Vol. 1.
Interscience Publisher, New York, 1963.

Shoshichi Kobayashi and Katsumi Nomizu. Foundations of differential geometry. Vol. 2.
Interscience Publisher, New York, 1969.

Oldfich Kowalski. Generalized symmetric spaces. Vol. 805. Springer, 1980. por: 10.1007/
BFb0103324.

Oldfich Kowalski. “Counter-example to the “Second Singer’s theorem™”. Annals of Global
Analysis and Geometry 8:(2) (1990), pp. 211-214. pot1: 10.1007/BF00128004.

Federico G. Lastaria and Franco Tricerri. “Curvature-orbits and locally homogeneous
riemannian manifolds”. Annali di Matematica Pura ed Applicata 165:(1) (1993), pp. 121-
131. por: 10.1007/BF01765845.

Jeffrey Marc Lee. Manifolds and Differential Geometry. Graduate studies in mathematics.
American Mathematical Society, 2009.

Ignacio Lujan. “Conexiones de Ambrose-Singer y estructuras homogéneas en variedades
pseudo-riemannianas”. Tesis inédita de la Universidad Complutense de Madrid, Facultad
de Ciencias Matemdticas, Departamento de Geometria y Topologia, leida el 14/07/2014.
Unpublished Ph.D. dissertation. Madrid, 2014. URL: https://eprints.ucm.es/id/eprint/
27654/.

Ignacio Lujédn. “Reductive locally homogeneous pseudo-Riemannian manifolds and Am-
brose—Singer connections”. Differential Geometry and its Applications 41: (2015), pp. 65—
90. por: 10.1016/j.difgeo.2015.04.007.

David Marin and Manuel de Leon. “Classification of Material G-Structures”. Mediter-
ranean Journal of Mathematics 1:(4) (2004), pp. 375-416. por: 10.1007/s00009-004-
0020-8.


https://doi.org/10.1007/BF01320735
https://doi.org/10.1017/S0013091504000422
https://doi.org/10.1006/aima.1998.1727
https://doi.org/10.1007/BF01796539
https://doi.org/10.1007/978-1-4757-2261-1
https://doi.org/10.1007/978-1-4757-2261-1
https://doi.org/10.1007/BFb0103324
https://doi.org/10.1007/BFb0103324
https://doi.org/10.1007/BF00128004
https://doi.org/10.1007/BF01765845
https://eprints.ucm.es/id/eprint/27654/
https://eprints.ucm.es/id/eprint/27654/
https://doi.org/10.1016/j.difgeo.2015.04.007
https://doi.org/10.1007/s00009-004-0020-8
https://doi.org/10.1007/s00009-004-0020-8

146

References

[MO98]

[Mic08]
[MS43]
[Nom54]
[ONe83]
[Opo98]
[Pal57]
[Pal61]

[SSS20]

[Sch94]
[Sin60]
[Spi92]

[Tri92]

[TV83]

[Vai85]

[Wit90]

[Won18]

Jerrold E. Marsden and James P. Ostrowski. “Symmetries in Motion: Geometric Founda-
tions of Motion Control”. Nonlinear Science Today, 1998, pp. 1-21. URL: https://www.
cds.caltech.edu/~marsden/bib/1998/13-MaOs1998/.

Peter W. Michor. Topics in differential geometry. Vol. 93. American Mathematical Soc.,
2008. URL: https://www.mat.univie.ac.at/~michor/dgbook.pdf.

Deane Montgomery and Hans Samelson. “Transformation Groups of Spheres”. Annals of
Mathematics 44:(3) (1943), pp. 454-470. pot: 10.2307/1968975.

Katsumi Nomizu. “Invariant Affine Connections on Homogeneous Spaces”. American
Journal of Mathematics 76: (1954), pp. 33-65. por: 10.2307/2372398.

Barrett O’Neill. Semi-Riemannian geometry with applications to relativity. Academic Press
New York, 1983.

Barbara Opozda. “On Locally Homogeneous G-structures”. Geometriae Dedicata 73:
(1998), pp. 215-223. por: 10.1023/A:1005007920878.

Richard S. Palais. A global formulation of the Lie theory of transportation groups. American
Mathematical Society, 1957.

Richard S. Palais. “On the Existence of Slices for Actions of Non-Compact Lie Groups”.
Annals of Mathematics 73:(2) (1961), pp. 295-323. po1: 10.2307/1970335.

Benjamin Schmidt, Krishnan Shankar, and Ralf Spatzier. “Almost isotropic Kidhler man-
ifolds”. Journal fiir die reine und angewandte Mathematik (Crelles Journal) 2020:(767)
(2020), pp. 1-16. por: 10.1515/crelle-2019-0030.

Lorenz J. Schwachhofer. “Connections with Exotic Holonomy”. Transactions of the Ameri-
can Mathematical Society 345:(1) (1994), pp. 293-321. por: 10.2307/2154605.

Isadore Manuel Singer. “Infinitesimally homogeneous spaces”. Communications on Pure
and Applied Mathematics 13:(4) (1960), pp. 685-697. por: 10.1002/cpa.3160130408.

Andrea Spiro. “Lie Pseudogroups and Locally Homogeneous Riemannian Spaces”. Bollet-
tino dell’Unione Matematica Italiana 6-B:(4) (1992), pp. 843—-872.

Franco Tricerri. “Locally homogeneous Riemannian manifolds”. Rendiconti del Seminario
Matematico Universita e Politecnico di Torino 50:(4) (1992), pp. 411-426. URL: http:
/lwww.seminariomatematico.polito.it/rendiconti/cartaceo/50-4/411.pdf.

Franco Tricerri and Lieven Vanhecke. Homogeneous Structures on Riemannian Manifolds.
London Mathematical Society Lecture Note Series. Cambridge University Press, 1983.
por: 10.1017/CB0O9781107325531.

Izu Vaisman. “Symplectic curvature tensors”. Monatshefte fiir Mathematik 100:(4) (1985),
pp. 299-327. por: 10.1007/BF01339231.

Dave Witte. “Cocompact subgroups of semisimple Lie groups”. Contemporary Mathe-
matics (1990), pp. 309-313. URL: https://www.deductivepress.ca/dmorris//papers/
cocompact.pdf.

Kwok-Kin Wong. “On effective existence of symmetric differentials of complex hyperbolic
space forms”. Mathematische Zeitschrift 290:(3) (2018), pp. 711-733. po1: 10.1007/
s00209-017-2038-1.


https://www.cds.caltech.edu/~marsden/bib/1998/13-MaOs1998/
https://www.cds.caltech.edu/~marsden/bib/1998/13-MaOs1998/
https://www.mat.univie.ac.at/~michor/dgbook.pdf
https://doi.org/10.2307/1968975
https://doi.org/10.2307/2372398
https://doi.org/10.1023/A:1005007920878
https://doi.org/10.2307/1970335
https://doi.org/10.1515/crelle-2019-0030
https://doi.org/10.2307/2154605
https://doi.org/10.1002/cpa.3160130408
http://www.seminariomatematico.polito.it/rendiconti/cartaceo/50-4/411.pdf
http://www.seminariomatematico.polito.it/rendiconti/cartaceo/50-4/411.pdf
https://doi.org/10.1017/CBO9781107325531
https://doi.org/10.1007/BF01339231
https://www.deductivepress.ca/dmorris//papers/cocompact.pdf
https://www.deductivepress.ca/dmorris//papers/cocompact.pdf
https://doi.org/10.1007/s00209-017-2038-1
https://doi.org/10.1007/s00209-017-2038-1

	Table of contents
	=Resumen
	=Abstract
	Introduction
	1 Preliminaries
	1.1 Principal bundles
	1.1.1 Connections on Principal Bundles
	1.1.2 Parallel transport and holonomy
	1.1.3 Linear connections
	1.1.4 Local coordinates

	1.2 Reductive Homogeneous Manifolds
	1.2.1 The canonical connection

	1.3 On the history of Ambrose-Singer Theorems
	1.3.1 Locally homogeneous Riemannian manifolds
	1.3.2 Classifications of homogeneous structures
	1.3.3 Generalizations of the Ambrose-Singer theorem


	2 The homogeneous geometries of the complex hyperbolic space
	2.1 Pseudo-Kähler manifolds and their homogeneous structures
	2.1.1 The Ambrose-Singer equations for Kähler manifolds

	2.2 The complex hyperbolic space
	2.2.1 The homogeneous descriptions
	2.2.2 The invariant Kähler structure

	2.3 The canonical connections
	2.4 The homogeneous structure tensors
	2.5 The holonomy algebras
	2.6 The description of homogeneous types

	3 Reduction of homogeneous pseudo-Kähler structures by one-dim. fibers
	3.1 Almost contact metric manifolds and its homogeneous structures
	3.2 Reduction of a homogeneous structure
	3.3 Fibrations of pseudo-Hermitian manifolds over almost contact metric manifolds
	3.4 Reduction of Kähler homogeneous structures

	4 The Ambrose-Singer theorem for general homogeneous manifolds
	4.1 A generalization of the Ambrose-Singer Theorem
	4.2 Reductive locally homogeneous manifolds
	4.3 AS-manifolds and Homogeneous Structures

	5 Symplectic AS-manifolds
	5.1 Symplectic manifolds and Fedosov manifolds
	5.2 Invariant symplectic submodules
	5.3 Classifications for almost symplectic and Fedosov AS-manifolds
	5.3.1 Almost symplectic AS-manifolds
	5.3.2 Fedosov AS-manifolds

	5.4 Fedosov AS-manifold of linear type.

	6 The Ambrose-Singer Theorem for cohomogeneity one Riemannian manifolds
	6.1 Cohomogeneity one Riemannian manifolds
	6.2 Characterization of cohomogeneity one manifolds: global version
	6.3 Characterization of cohomogeneity one manifolds: local version
	6.4 Decomposition of cohomogeneity one Structures
	6.5 The canonical cohomogeneity one structure
	6.6 Examples

	Appendix A Expressions of Homogeneous Structures
	References

